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Preface to the Series 
Lévy Matters 


Over the past 10—15 years, we have seen a revival of general Lévy processes theory 
as well as a burst of new applications. In the past, Brownian motion or the Poisson 
process had been considered as appropriate models for most applications. Nowa- 
days, the need for more realistic modelling of irregular behaviour of phenomena in 
nature and society like jumps, bursts and extremes has led to a renaissance of the 
theory of general Lévy processes. Theoretical and applied researchers in fields as 
diverse as quantum theory, statistical physics, meteorology, seismology, statistics, 
insurance, finance and telecommunication have realized the enormous flexibility 
of Lévy models in modelling jumps, tails, dependence and sample path behaviour. 
Lévy processes or Lévy-driven processes feature slow or rapid structural breaks, 
extremal behaviour, clustering and clumping of points. 

Tools and techniques from related but distinct mathematical fields, such as 
point processes, stochastic integration, probability theory in abstract spaces and 
differential geometry, have contributed to a better understanding of Lévy jump 
processes. 

As in many other fields, the enormous power of modern computers has also 
changed the view of Lévy processes. Simulation methods for paths of Lévy 
processes and realizations of their functionals have been developed. Monte Carlo 
simulation makes it possible to determine the distribution of functionals of sample 
paths of Lévy processes to a high level of accuracy. 

This development of Lévy processes was accompanied and triggered by a series 
of Conferences on Lévy Processes: Theory and Applications. The First and Second 
Conferences were held in Aarhus (1999, 2002), the Third in Paris (2003), the Fourth 
in Manchester (2005) and the Fifth in Copenhagen (2007). 

To show the broad spectrum of these conferences, the following topics are taken 
from the announcement of the Copenhagen conference: 


* Structural results for Lévy processes: distribution and path properties 
* Lévy trees, superprocesses and branching theory 
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* Fractal processes and fractal phenomena 

* Stable and infinitely divisible processes and distributions 

* Applications in finance, physics, biosciences and telecommunications 
* Lévy processes on abstract structures 

* Statistical, numerical and simulation aspects of Lévy processes 

* Lévy and stable random fields 


At the Conference on Lévy Processes: Theory and Applications in Copenhagen 
the idea was born to start a series of Lecture Notes on Lévy processes to bear witness 
of the exciting recent advances in the area of Lévy processes and their applications. 
Its goal is the dissemination of important developments in theory and applications. 
Each volume will describe state-of-the-art results of this rapidly evolving subject 
with special emphasis on the non-Brownian world. Leading experts will present 
new exciting fields, or surveys of recent developments, or focus on some of the 
most promising applications. Despite its special character, each article is written 
in an expository style, normally with an extensive bibliography at the end. In this 
way each article makes an invaluable comprehensive reference text. The intended 
audience are Ph.D. and postdoctoral students, or researchers, who want to learn 
about recent advances in the theory of Lévy processes and to get an overview of 
new applications in different fields. 

Now, with the field in full flourish and with future interest definitely increasing 
it seemed reasonable to start a series of Lecture Notes in this area, whose individual 
volumes will appear over time under the common name "Lévy Matters," in tune with 
the developments in the field. “Lévy Matters" appears as a subseries of the Springer 
Lecture Notes in Mathematics, thus ensuring wide dissemination of the scientific 
material. The mainly expository articles should reflect the broadness of the area of 
Lévy processes. 

We take the possibility to acknowledge the very positive collaboration with the 
relevant Springer staff and the editors of the LN series and the (anonymous) referees 
of the articles. 

We hope that the readers of "Lévy Matters" enjoy learning about the high 
potential of Lévy processes in theory and applications. Researchers with ideas for 
contributions to further volumes in the Lévy Matters series are invited to contact any 
of the editors with proposals or suggestions. 


Aarhus, Denmark Ole E. Barndorff-Nielsen 
Paris, France Jean Bertoin and Jean Jacod 
Munich, Germany Claudia Klüppelberg 


June 2010 


A Short Biography of Paul Lévy 


A volume of the series “Lévy Matters” would not be complete without a short sketch 
about the life and mathematical achievements of the mathematician whose name has 
been borrowed and used here. This is more a form of tribute to Paul Lévy, who not 
only invented what we call now Lévy processes, but also is in a sense the founder 
of the way we are now looking at stochastic processes, with emphasis on the path 
properties. 

Paul Lévy was born in 1886 and lived until 1971. He studied at the Ecole 
Polytechnique in Paris and was soon appointed as professor of mathematics in the 
same institution, a position that he held from 1920 to 1959. He started his career as 
an analyst, with 20 published papers between 1905 (he was then 19 years old) and 
1914, and he became interested in probability by chance, so to speak, when asked 
to give a series of lectures on this topic in 1919 in that same school: this was the 
starting point of an astounding series of contributions in this field, in parallel with a 
continuing activity in functional analysis. 

Very briefly, one can mention that he is the mathematician who introduced 
characteristic functions in full generality, proving in particular the characterization 
theorem and the first “Lévy’s theorem" about convergence. This naturally led him 
to study more deeply the convergence in law with its metric and also to consider 
sums of independent variables, a hot topic at the time: Paul Lévy proved a form 
of the 0-1 law, as well as many other results, for series of independent variables. 
He also introduced stable and quasi-stable distributions and unravelled their weak 
and/or strong domains of attractions, simultaneously with Feller. 

Then we arrive at the book 7héorie de l'addition des variables aléatoires, 
published in 1937, and in which he summaries his findings about what he called 
"additive processes" (the homogeneous additive processes are now called Lévy 
processes, but he did not restrict his attention to the homogeneous case). This book 
contains a host of new ideas and new concepts: the decomposition into the sum of 
jumps at fixed times and the rest of the process; the Poissonian structure of the jumps 
for an additive process without fixed times of discontinuities; the compensation" 
of those jumps so that one is able to sum up all of them; the fact that the remaining 
continuous part is Gaussian. As a consequence, he implicitly gave the formula 
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providing the form of all additive processes without fixed discontinuities, now 
called the Lévy-Itó formula, and he proved the Lévy-Khintchine formula for the 
characteristic functions of all infinitely divisible distributions. But, as fundamental 
as all those results are, this book contains more: new methods, like martingales 
which, although not given a name, are used in a fundamental way; and also a new 
way of looking at processes, which is the *pathwise" way: he was certainly the first 
to understand the importance of looking at and describing the paths of a stochastic 
process, instead of considering that everything is encapsulated into the distribution 
of the processes. 

This is of course not the end of the story. Paul Lévy undertook a very deep 
analysis of Brownian motion, culminating in his book Processus stochastiques et 
mouvement Brownien in 1948, completed by a second edition in 1965. This is a 
remarkable achievement, in the spirit of path properties, and again it contains so 
many deep results: the Lévy modulus of continuity, the Hausdorff dimension of 
the path, the multiple points and the Lévy characterization theorem. He introduced 
local time and proved the arc-sine law. He was also the first to consider genuine 
stochastic integrals, with the area formula. In this topic again, his ideas have been 
the origin of a huge amount of subsequent work, which is still going on. It also 
laid some of the basis for the fine study of Markov processes, like the local time 
again, or the new concept of instantaneous state. He also initiated the topic of 
multi-parameter stochastic processes, introducing in particular the multi-parameter 
Brownian motion. 

As should be quite clear, the account given here does not describe the whole 
of Paul Lévy's mathematical achievements, and one can consult for many more 
details the first paper (by Michel Loéve) published in the first issue of the Annals 
of Probability (1973). It also does not account for the humanity and gentleness of 
the person Paul Lévy. But I would like to end this short exposition of Paul Lévy's 
work by hoping that this series will contribute to fulfilling the program, which he 
initiated. 


Paris, France Jean Jacod 


Preface 


Behind every decent Markov process there is a family of Lévy processes. Indeed, let 
(X;)izo be a Markov process with state space R¢ and assume, for the moment, that 
the limit 


: ]- IE" gi X3) 
lim — — — — = q(x,§) Yx e R? (x) 


exists such that the function € > q(x, E) is continuous. We will see below that this 
is enough to guarantee that q(x, -) is, for each x € IR?, the characteristic exponent 
of a Lévy process; as such, it enjoys a Lévy-Khintchine representation 
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where (/(x), Q(x), N(x, dy)) is for every fixed x € R? a Lévy triplet. The function 
q : R? x R? — C is called the symbol of the process. The processes which 
admit a symbol behave locally like a Lévy process, and their infinitesimal gener- 
ators resemble the generators of Lévy processes with variable, i.e. x-dependent, 
coefficients—this justifies the name Lévy-type processes. This guides us to the main 
topics of the present tract: 


Characterization: For which Markov processes does the limit (X) exist? 

Construction: Is there a Lévy-type process with a given symbol 
q(x,&)? Is there a 1-to-1 correspondence between 
symbols and processes? 


Sample paths: Can we use the symbol q(x, £) in order to describe the 
sample path behaviour of the process? 
Approximation: Is it possible to use g(x,&) to approximate and to 


simulate the process? 


Let us put this point of view into perspective by considering first of all some 
d -dimensional Lévy process ( X;); 2o. Being a (strong) Markov process, (X;);+0 can 
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be described by the transition function p,(x, dy) = P* (X, € dy) = P(X, +x € dy) 
which, in turn, is uniquely characterized by the characteristic function 


E" eth = Í e p(x, dy) = ee VO) (1) 
Ri 
and the characteristic exponent y. Thus, 


i- f e * 079 n(x, dy) = ty(E) --o(t) ast — 0 Q) 
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and, with some effort, we can derive from this the Lévy-Khintchine representation 
of the exponent y 
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where (/, Q, v) is the Lévy triplet. The key observation is that the family of measures 
t p,(x, B + x) = t^! P(X; € B) converges! to the Lévy measure v(B) as t > 0 
for all Borel sets B C IR^ \ {0} satisfying v(B V B?) = 0 and 0 ¢ B. 

In our calculation there is only one place where we used Lévy processes: The 
second equality sign in (1) which is the consequence of the translation invariance 
(spatial homogeneity) and infinite divisibility of a Lévy process. If we do away with 
it, and if we only assume that (X;);2o9 is strong Markov with transition function 
(pi (x. dy))izo, xeRd, We still have that 


À (x, E) = IE! el aj ded pi (x, dy). a^) 
Rl 


Assume we knew that t^! p, (x, B + x) has, as t — 0, for every x € R? and suitable 
Borel sets B C IR^ \ {0}, a limit N(x, B) which is a kernel on R¢ x A(R? \ {0}). 
Then we would get, as in (2), 


1 — A;(x,£) = tq(x,£) + O(t) ast — 0. (2^) 


But, what can be said about q(x, £)? 

With some elementary harmonic analysis this can be worked out. Since E => 
À; (x, E) is a characteristic function, it is continuous and positive definite (see p. 41 
for the definition); and since 1 > A;(x, 0) > |A; (x, £)|, we get from this that 


n 


25 (Ar(x, £j; — &) — 1)uj Ak > 0 (4) 


jk=1 


'The classical proofs use here Lévy's continuity theorem or the Helly—Bray theorem. 
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foralln > 0, &,...,&) € Id and uj,..., Hn € C with PROS uj = 0. This means 
that € > A,(x,&) — 1 is continuous and conditionally positive definite? (because 
of the condition Y ji = 0, cf. p. 42). The important point is now that every 
continuous and conditionally positive definite function enjoys a Lévy-Khintchine 
representation. 

Obviously, inequality (4) remains valid if we divide by ¢ and let t — 0, so 


. ]- EE" gi X3) F 
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defines a conditionally positive definite function € >  —q(x,£). If it is also 
continuous, then it has for every fixed x € IR^ a Lévy-Khintchine representation, 
and each q(x,-) is the characteristic exponent of a Lévy process. We will call the 
function q(x, £) the symbol of the process (X;);zo. In this sense it is correct to say 
that behind every decent Markov process (X;):zo there is a family of Lévy processes 
E TN em4 Whose characteristic exponents are given by (X), and we are back at 
the point where we started our discussion. 

Sufficient conditions for the limit (X) to exist are best described by a list 
of Lévy-type processes: Lévy processes, of course, (cf. Sect.2.1), any Feller 
process whose infinitesimal generator has a sufficiently rich domain (Sects. 2.3 
and 2.4), many Lévy-driven stochastic differential equations (Sect. 3.2), or tempo- 
rally homogeneous Markovian jump-diffusion semimartingales (Sect. 2.5) provided 
that their extended generator contains sufficiently many functions. As it turns 
out, the symbol q(x, €) encodes, via its Lévy-Khintchine representation and the 
(necessarily) x-dependent Lévy triplet, the semimartingale characteristics of the 
stochastic process; moreover, it yields a simple representation of the infinitesimal 
generator as a pseudo-differential operator. 

We are not aware of necessary conditions such that (x ) defines a negative definite 
symbol, although the class of temporally homogeneous Markovian jump-diffusion 
semimartingales looks pretty much to be the largest class of decent strong Markov 
processes admitting a symbol. 

Most of our results hold for any decent strong Markov process admitting a 
symbol q(x, €), but we restrict our attention to Feller processes where decency 
comes from the natural assumption that the compactly supported smooth functions 
Cy (IR“) are contained in the domain of the infinitesimal generator. The key results 
in this direction are our short proof of the Courrége-von Waldenfels theorem 
(Theorem 2.21) and the probabilistic formula for the symbol, Theorems 2.36 
and 2.44. 

Let us briefly explain how the material is organized. The Primer on Feller 
Semigroups, Chap. 1, is included in order to make the material accessible for the 
novice and also to serve as a reference. For the more experienced reader, the 
ideal point of departure should be Sect. 2.1 on Lévy processes which leads directly 


? Also known as negative definite, and we will prefer this notion in the sequel, cf. Sect. 2.2 
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to the characterization of Feller processes. Among the central results of Chap. 2 
is the characterization of the generators as pseudo-differential operators and the 
fact that Feller processes are semimartingales: In both cases the symbol q(x, €) 
and its x-dependent Lévy triplet are instrumental. Chapter 3 is devoted to various 
construction methods for Feller processes. This is probably the most technical part 
of our treatise since techniques from different areas of mathematics come to bearing; 
it is already difficult to describe the results, to present complete proofs in this 
essay is near impossible. Nevertheless we tried to describe the ideas how things 
fit together, and we hope that the interested reader follows up on the references 
provided. Perturbations and time-changes for Feller processes are briefly discussed 
in Chap.4. In particular, we obtain conditions such that the Feller property is 
preserved under these transformations. From Chap. 5 onwards, things become more 
probabilistic: Now we show how to use the symbol q(x,£) in order to describe 
the behaviour of the sample paths of a Feller process. For Lévy processes this 
approach has a long tradition starting with the papers by Blumenthal-Getoor [31,32] 
in the early sixties; a survey is given in Fristedt [112]. The principal tool for these 
investigations is probability estimates for the running maximum of the process in 
terms of the symbol (Sect. 5.1). Using these estimates we can define Blumenthal- 
Getoor-Pruitt indices for Feller processes which, in turn, allow us to find bounds 
for the Hausdorff dimension of the sample paths, describe the (polynomial) short- 
and long-time asymptotics of the paths, their p-variation, their Besov regularity, etc. 
Returning to the level of transition semigroups we then investigate global properties 
(in the sense of Fukushima et al.) in Chap. 6. We focus on functional inequalities and 
their stability under subordination and on coupling methods; the latter are explained 
in detail for Lévy- and linear Ornstein-Uhlenbeck processes. The classical topics of 
transience and recurrence are discussed from the perspective of Meyn and Tweedie, 
with an emphasis on stable-like processes. In the final Chap. 7 we show how the 
viewpoint of a Feller process being locally Lévy can be used to approximate the 
sample paths of Feller processes. This allows us, for the first time, to simulate Feller 
processes with unbounded coefficients. We close this treatise with a list of open 
problems which we think are important for the further development of the subject. 
We cannot cover all aspects of Lévy-type processes in this survey. Notable 
omissions are probabilistic potential theory, the general theory of Dirichlet forms, 
heat kernel estimates and processes on domains. Our choice of material was, of 
course, influenced by personal liking, by our own research interests and by the 
desire to have a clear focus. Some topics, e.g. probabilistic potential theory and 
Dirichlet forms, are more naturally set in the wider framework of general Markov 
processes and there are, indeed, monographs which we think are hard to match: In 
potential theory there are Chung's books [67,68] (for Feller processes), Sharpe [298] 
(for general Markov processes), Port-Stone [238] and Bertoin [27] (for Brownian 
motion and Lévy processes) and for Dirichlet forms there is Fukushima et al. [115] 
(for the symmetric case), and Ma-Róckner [210] (for the non-symmetric case). 
Heat kernel estimates are usually discussed in an L?-framework, cf. Chen [60] for 
an excellent survey, or for various perturbations of stable Lévy processes (also on 
domains), e.g. as in Chen-Kim-Song [65, 66]. An interesting geometric approach 
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has recently been proposed by [168]. Finally, processes on domains with general 
Wentzell boundary conditions [352] for the generator are still a problem: While 
some progress has been made in the one-dimensional case (cf. Mandl [216], Langer 
and co-workers [199, 200]), the multidimensional case is wide open, and the best 
treatment is Taira [313]. 

A few words on the style of this treatise are in order. Some time ago, we 
have been invited to contribute a survey paper to the Lévy Matters subseries of 
the Springer Lecture Notes in Mathematics, updating the earlier paper Lévy-type 
processes and pseudo-differential operators by N. Jacob and one of the present 
authors. Soon, however, it became clear that the developments in the past decade 
have been quite substantial while, on the other hand, much of the material is scat- 
tered throughout the literature and that a comprehensive treatise on Feller processes 
is missing. With this essay we try to fill this gap, providing a reliable source 
for reference (especially for those elusive folklore results), making a technically 
demanding area easily accessible to future generations of researchers and, at the 
same time, giving a snapshot of the state-of-the-art of the subject. Just as one would 
expect in a survey, we do not always (want to) give detailed proofs, but we provide 
precise references whenever we omit proofs or give only a rough outline of the 
argument (sometimes also sailing under the nickname "proof". On the other hand, 
quite a few theorems are new or contain substantial improvements of known results, 
and in all those cases we do include full proofs or describe the necessary changes 
to the literature. We hope that the exposition is useful for and accessible to anyone 
with a working knowledge of Lévy- or continuous-time Markov processes and some 
basic functional analysis. 

Itis a pleasure to acknowledge the support of quite a few people. Niels Jacob has 
our best thanks, his ideas run through the whole text, and we shall think it a success 
if it pleases him. 

Without the named (and, as we fear, often unnamed) contributions of our co- 
authors and fellow scientists such a survey would not have been possible; we are 
grateful that we can present and build on their results. Anite Behme, Xiaoping Chen, 
Katharina Fischer, Julian Hollender, Victorya Knopova, Franziska Kühn, Huaiqian 
Li, Felix Lindner, Michael Schwarzenberger and Nenghui Zhu read substantial 
portions of various f-versions of this survey, pointed out many mistakes and 
inconsistencies, and helped us to improve the text; the examples involving affine 
processes were drafted by Michael Schwarzenberger. 

Special thanks go to Claudia Klüppelberg and the editors of the Lévy Matters 
series for the invitation to write and their constant encouragement to finish this piece. 

Finally, we thank our friends and families who—we are pretty sure of it—are 
more than happy that this work has come to an end. 


Dresden, Germany Bjórn Bóttcher and René Schilling 
Fuzhou, China Jian Wang 
April 2013 
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Summary of Notation 


This list is intended to aid cross-referencing, so notation that is specific to a single 
section is generally not listed. Some symbols are used locally, without ambiguity, in 
senses other than those given below; numbers following an entry are page numbers. 

Unless otherwise stated, functions are real-valued, and binary operations between 
functions suchas f +g, f-g, f ^g, f vg, comparisons f < g, f < g or limiting 
relations f; I f, lim; fj, lim; f;, lim; fj, sup j Jj or inf; f; are understood 
pointwise. “Positive” and “negative” always means “> 0” and “< 0”. 


General Notation: Analysis 


avb,a^b  max(a,b), min(a, b) 


at,aq max(a, 0), — min(a, 0) 

fxg Ic Yt : lg(r) < fit) <calt) 
|x| Largest integer n < x 

|x| Euclidean vector and matrix norm 


d 
x+y, (x,y) Scalar product in R7, ^ x;y; 


j=l 
l, xe«A 
14 La(x) = 
0, xA 
ez(x) e*t ox E eR 
bx Point mass at x 
supp f Support, {f 4 0} 
: à a 
V iced (x. ivi xz) 
m gute rag 
Fu, tt Fourier transform, 31 
Fut Inverse Fourier transform, 31 
bp-lim Bounded pointwise (bp) convergence, | 


(A, D(A)) Generator, 18, 23 
A, Ap Full generator, 25 


xvii 


xviii 


Summary of Notation 


v(D) Fourier multiplier, 37, 51 
q(x, D) Pseudo-differential operator, 51 


General Notation: Probability 


~ “Ts distributed as” 

a.s. Almost surely 

(Xi, Fi)tzo Adapted process 

(1, Q, v) Lévy triplet, 33 

X Truncation function, 33 


r 


Sets and o -Algebras 


p inf(t > 0 : X, € B'(x,r)) 


AS Complement of the set A 
A? Open interior of the set A 
A Closure of the set A 


B(x, r) Open ball, centre x, radius r 
B(x,r) Closed ball, centre x, radius r 


BE) Borel sets of E 
FX c(X, : 8 <t) 


Spaces of Measures and Functions 


ullao 
lallrv 
B(E) 
B, (E) 
C(E) 
Ci (E) 
Cos (E) 


C.(E) 
C*(E) 

CE) 

CAE) 

CAE) 

L?(E, u), L (u), L? (E) 
M(E) 

M(E) 

M*(E) 

M! (E) 

S(IR?) 


Voslal<k | V*ulloo 
Total variation norm 
Borel functions on E 


— —, bounded 

Continuous functions on E 

— —, bounded 

— —, lim u(x) =0 
|x|-oo 


— —, compact support 

k times continuously diff'ble functions on E 
— —, bounded (with their derivatives) 

— —, 0 at infinity (with their derivatives) 
— —, compact support 

L? space w.r.t. the measure space (E, F, u) 
(Signed) Radon measures on E 

— —, with finite mass 

— —, positive 

Probability measures on E 

Schwartz space of rapidly decreasing smooth functions 


Chapter 1 
A Primer on Feller Semigroups and Feller 
Processes 


Throughout this chapter, E denotes a locally compact and separable space; later on 
we will restrict ourselves to the Euclidean space IR? and its subsets. By Co; (E) we 
denote the space of continuous functions u : E — R which vanish at infinity, i.e. 


Ve>0 4K CE compact Vx e K* : |u(x)| € e. (1.1) 


If E = Rf, then (1.1) is the same as lim, oo u(x) = 0; if E = B(z, r) is an open 
ball in IR2, then (1.1) entails that (there is an extension of u such that) u(x) = 0 on 
the boundary |x — z| = r, and if E is a compact set, then Co5(E) = C(E), i.e. the 
space of all continuous functions on Æ. Observe that 


(Cos (E). ||- los). — llulloo == sup |u(x)], (1.2) 
xeE 


is a Banach space, and the space of compactly supported continuous functions 
C.(E) is a dense subspace. If E is not compact, we can use the one-point 
compactification E; by adding the point 9. Since the complements of compact sets 
K C E form a neighbourhood base of the point 0 at infinity, we can identify Coo (E) 
with {u € C(Ea) : u(d) = 0}. 

The topological dual CĂ (E) of Co, (E) consists of the bounded signed Radon 
measures M(E), i.e. the signed Borel measures u on E with finite total mass 
[4| CE) < co. A sequence (u;);21 C Cos (E) converges weakly to u € Cos (E), if 
limno f un du = f udu for all jj € M(E). Weak convergence is the same as 
bp (bounded pointwise) convergence 


bp- lim un =u € sup||u|eo « oo and lim u,(x)=u(x) Vxe€ E, 
noo nzl n—oo 
(1.3) 


cf. Dunford-Schwartz [93, Corollary IV.6.4, p. 265]. Note that this only holds for 
sequences, cf. Ethier-Kurtz [100, Appendix 3, pp. 495—496]. 
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The norm topology on the Banach space M(E) is given by the total variation 
norm ||ullry :— wt(E) + p (E) where u = wt — pw is the Hahn-Jordan 
decomposition. More often, we use on M (E) the weak-* or vague topology, i.e. 


SEE 


Un —— U SS im x f ndn. = f nan Vu € Cos (E). (1.4) 


n—oo 


If, in addition, lim; co uz (E) = L^ (E), then one speaks of weak convergence 
(of measures), i.e. 


weakly 


Un —— HU 4> Jim x fuam = f udu Vu € C (E). (1.5) 


n—-oo 


Mind that this is not weak convergence in the topological sense. 


1.1 Feller Semigroups 


There is no standard usage of the term Feller semigroup in the literature and every 
author has his or her own definition of “Feller semigroup” (Rogers and Williams 
[255, p. 241]). Therefore we take the opportunity to develop some of the core 
material in a consistent way. 


Definition 1.1. Let (7;);>0 be a family of linear operators defined on the bounded 
Borel measurable functions B, (E). If 


To =id and T;T;u—T,T;u-T, NvueBy(E)stzo0 
then (7;);>0 is said to be a (one-parameter operator) semigroup. 
A sub-Markov semigroup is an operator semigroup (7;);>0 which is positivity 
preserving 
TiuzO0 Vue B (E), u=0 (1.6) 
and has the sub-Markov property 


T,u<1 Vue B,(E),u<1. (1.7) 


A Markov semigroup is a sub-Markov semigroup which is conservative, i.e. 
Tis1. 


Note that a sub-Markov semigroup is automatically monotone 


T;v x Tow Nv,we By, (E), v Ew (1.8) 
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(take u = w — v in (1.6)), it satisfies Jensen’s inequality 
o(T,u) x T;$(u) Vue B,(E) and any convex $ : R — R, (0) =0 (1.9) 


(observe that a convex function with $ (0) = 0 is the upper envelope of affine-linear 
functions £(x) = ax + b where a € R and b < O0 such that £(x) < u(x) for all x, 
and use £(T;u) < T;4(u) < Ti (u), see e.g. [283, Theorem 12.14, p. 116] for the 
standard proof) and it is contractive 


lTiulleo < lullo Vu € By(E) (1.10) 


(use |T;u| < Tilu] < Ti|ulloo < lullo). 


Definition 1.2. A Feller semigroup is a sub-Markov semigroup (7;);>0 which 
satisfies the Feller property 


Tiu € Co (E) Vue Co (E), t» 0 (1.11) 
and which is strongly continuous in the Banach space Coo (E) 


lim || Tu — ullo =0 Vu € Cas (E). (1.12) 
t> 


One of the reasons to consider semigroups acting on spaces of continuous 
functions is the fact that such semigroups are integral operators with pointwise 
everywhere defined measure kernels, cf. the Riesz representation theorem, Theorem 
1.5 below. This is particularly attractive for the study of stochastic processes where 
these kernels will serve as transition functions, cf. Sect. 1.2. 


Example 1.3. Throughout the text we will use the following standard examples for 
Feller semigroups. For simplicity we consider only E C R? and u € B;(E). 


a) (Shift semigroup) Let £ € IR“. The shift semigroup is T;u(x) := u(x + t£), 
t z 0. 

b) (Poisson semigroup) Let £ € R? and d > 0. The Poisson semigroup is defined 

as T;u(x) = °° j-o (x + j£) On" = 

(Heat/Brownian semigroup) at. gi(x) = Qt) 4? e /? be the heat kernel 

or normal distribution (mean zero, variance t) on Rf. The heat or Brownian 

semigroup is T;u(x) = Jas u(y)gi(y — x) dy. 

(Symmetric stable semigroups) Let g; a(x), à € (0,2] be the symmetric stable 

probability density. It is implicitly defined through the characteristic function 

(inverse Fourier transform)! F~! [g, ,](£) :— fia e^" 5g, s (x) dx = et". The 

symmetric a-stable semigroup is T, u(x) :— Jra u(y)gio(y — x) dy. 


c 


— 


d 


wm 


!See the beginning of Chap. 2 for the conventions for the Fourier transform and characteristic 
functions. 


e 


8 


h 


— 


— 


wm 
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Only for œ = 1 and 2 the densities g; are explicitly known: a = 1 yields 


; d+1) ,—CH (,2 au 
the Cauchy density g;1(x) = tr(#)x T (t? +l|x?) ?*,anda = 2 


—|x|?/4t 


gives the heat semigroup g;5(x) = gx (x) = (Ant)-$ e with twice the 
normal speed. 

(Convolution/Lévy semigroups) Let (5;):;zo be a family of infinitely divisible 
probability measures on Rf, i.e. for every n > 2 we can write ju; as an n-fold 
convolution of the measures 1;/,. Moreover, assume that f +> ji; is continuous 
in the vague topology. 

Then 7;u(x) :— Jra u(x+ y) p (dy) is a semigroup of convolution operators. 
We will discuss the structure of these semigroups in Sect. 2.1 below. 

Note that all previously defined semigroups fall in this category. Because 
of the structure of these semigroups, the Feller property is easily seen using 
the dominated convergence theorem. Strong continuity follows from the vague 
continuity of the family (14);zo, see also Berg—Forst [24, Chap. II.§12, pp. 85- 
97] or [284, Proposition 7.3, pp. 87-89] for a probabilistic proof for the heat 
semigroup which carries over to general convolution semigroups. 
(Ornstein-Uhlenbeck semigroup) Let ({t;):>0 be a family of infinitely divisible 
probability measures on R such that / +> ju; is continuous in the vague 
topology, and B € IR7*4, 

Then, 7;u(x) := Jra u(e'?x + y) u;(dy) defines the so-called Ornstein- 
Uhlenbeck semigroup. Note that this is a special case of the Mehler semigroup, 
see e.g. Bogachev et al. [36]. The strong continuity and the Feller property 
of the Ornstein-Uhlenbeck semigroup was proved in Sato-Yamazato [268, 
Theorem 3.1]. 

Further examples are generalized, Lévy-driven Ornstein-Uhlenbeck semi- 
groups which have been studied by Behme-Lindner [18], see also Exam- 
ples 1.17(f) and 3.34(b) below for details. 

(One-sided stable semigroups) On E = [0, oo) one defines the density p; a(x), 
t,x 20,0 <a < I through the Laplace transform ds ep jee, 
Then T,u(x) := fp u(x + y) pro (y) dy is the one-sided o-stable semigroup. 

The Lévy density p;ij;(x) = (4x)? t x 3? e7*/*1. s (x) is the only 

density in this family for which a closed-form expression is known. 
(Diffusion semigroups) Consider a second order partial differential operator in 
divergence form L — iV - (Q()V) where Q : R? — R^ x IR is a measurable, 
symmetric matrix-valued function which is uniformly elliptic, i.e. there exist 
constants 0 « c < C « oo such that 


ci£? < (QE, E) < CEP VE eR’ 


and (for simplicity) Q € C7? (R4). Itis well known that the initial value problem 
Tult, x) = Lu(t, x), u(0, x) = (x) admits a fundamental solution p(t, x, y) 
satisfying p € Ur, CP ([L/ n. n]x IR? x R4; (0, oo)). The fundamental solution 
leads to a Feller semigroup u(t, x) = Tọ (x) = Sea o(y) p(t, x, y) dy, cf. Itó 
[151, Chap. 1] or Stroock [310]. In general, the explicit expression of p(t, x, y) 
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is not known; however, we have Aronson’s estimates which allow us to compare 
p(t, x, y) from above and below with the well-known fundamental solution of 
the heat equation, i.e. where the differential operator is id jA qj 20, j— 1,2: 


—y? AND. 
(qut) 4? exp (-=—" y ) < 26x) < (qart)? exp (== yl ) 
qıt qot 


with q; = q;(c, C, d). This beautiful result is originally due to Aronson [6], see 
also Stroock [310]. 

(Affine semigroups) Consider on E = IR? x IR^". d > m = 0, the semigroup 
(T;)i>0 given by T,u(x) = fp u(y) pi(x, dy) (with a suitable transition kernel 
pi (x, dy)). Then (T;)r>o is called affine, if for every t € [0, oo) the characteristic 
function (inverse Fourier transform) of the measure p,(x,-) has exponential- 
affine dependence on x. In general, p;(x,-) is not known explicitly; however, 
affine semigroups are characterized by the existence of functions 


i 


— 


$:[0,o0) xiR4 — C- and y :[0,o0) x IR? — C" x iR!” 


(as usual, we write C_ = {z € C : Rez x 0}) such that for every x € E and 
for all (t, €) € [0, oo) x R? 


T,eg(x) = f rea — et iX = xj; Gil) = gé(tiE) ei) 


holds; in this generality, affine semigroups have been considered for the first time 
by Duffie—Filipovi¢—Schachermayer [91, Sect. 2]. 

If the measures p; (x, -) converge weakly (in the sense of measures) to p; (x, -) 
as s — t for all (t, x) € [0, 00) x E or, equivalently, if the functions ¢ (t, i£) 
and w(t, i£) are continuous int € [0, oo), for every £ € R4, then (7;);2o is a 
Feller semigroup, cf. Keller-Ressel [175, Sect. 1.3, Theorem 1.1, p. 16] or Keller- 
Ressel-Schachermayer-Teichmann [176, Sect. 3, Theorem 3.5]. oO 


The Role of Strong Continuity. Using the linearity and contractivity (1.10) of a 
Feller semigroup, it is not hard to see that (1.12) is equivalent to 


lim |T;u — Tyulloo =0 Vu € Coo(E), t > 0. (1.127) 


In fact, we can even replace (1.12) by the notion of pointwise convergence. 


Lemma 1.4. Let (T;);2o be a sub-Markov semigroup which satisfies the Feller 
property. Then each of the following conditions is equivalent to the strong continuity 
(1.12). 


lim Tyu(x) = u(x) Vu € Cas (E), x € E; (1.13) 
t— 
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[0, 00) x E > (t, x) > T,u(x) is continuous for each u € Cos (E); (1.14) 

[0, 00) x E x Coo (E) 2 (t, x, u) > T;u(x) is continuous. (1.15) 

Proof. It is enough to prove that (1.12) — (1.15) and (1.13) 2 (1.12). The first 


implication is a standard e/3-argument: Fix (t, x,u) € [0, 00) x E x Cos (E) and 
pick any (s, y, v) in some e/3-neighbourhood. Then 


IT;u(x) — Tsv(y)| < |Tiu(x) — Tru(y)| + Tu) — Tu) + [Tsu(y) — Ts0(y)| 
< |Tru(x) — Tiu) + ITiu — ullo + lu — vllo- 

The second implication is less trivial. We follow the proof given in Dellacherie— 

Meyer [84, Theoréme XIII.19, pp. 98-99], see also Revuz—Yor [250, Proposition 


III.2.4, p. 89]. Let u € Co; ( £). Clearly, (1.13) entails lim,;., T;u(x) = T,u(x) for 
all s > O and x € E. Therefore the integral 


Usu(x) x e ?* T-u(x) ds 
0 


defines a family of linear operators on Co5 (E) and, by dominated convergence and 
a simple change of variables, it is easy to see that limg-+o9(@Uyu(x) — u(x)) = 0 
for every x € E. In fact, (U5)5.0 is a resolvent satisfying the resolvent equation 


Uxu — Ugu = (B —a)U,Ugu Va, B > 0. (1.16) 


Thus, the range R :— UyCoo(E) does not depend on a > 0. Once again by 
dominated convergence, we see for any p € Mi (E ) 


J p(dx) — Jim. f atiu(x) p (dx). 


If p is orthogonal to R, this equality shows that f udp = 0 for all u € Cæ(E), 
hence p = 0. This proves that R is dense in Co5 (E). Now we can use Fubini's 
theorem to deduce 


oo 
T; Usu(x) = e f e 9*5 T.u(x) ds 
t 
as well as 


|| T; Usu — Usulles < (e** — 1)||Uattlloo + tllulloc- 


This shows that lim;—o || T; f — f ||oo forall f € R, and a standard density argument 
proves (1.12). oO 
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Lemma 1.4 may be a bit surprising as it allows to replace uniform convergence 
by pointwise convergence. This is a variation of a theme from the theory of operator 
semigroups which says that for contraction semigroups the notions of continuity 
in the norm topology and in the weak topology coincide, see e.g. [78, Proposition 
1.23, p. 15]. For Feller semigroups, weak continuity means that t +> f T;u(x) p(dx) 
is continuous for all o € M(E). Since (sequential) weak convergence is the same 
as bounded pointwise convergence, it is indeed enough to check that the function 
t +> f T;u(x) 8,(dx) = T,u(y) is continuous for each y € E. 


Feller Semigroups Defined on Co; (E). Sometimes a strongly continuous, posi- 
tivity preserving, conservative semigroup (7;);>0 with 7; : Co5(E) > Cas(E) is 
called a Feller semigroup—although it is only defined on Co5 (E). Using a variant 
of the Riesz representation theorem, cf. Rudin [258, Theorem 6.19, p. 130], we can 
extend (7;);2o onto B (E). 


Theorem 1.5 (Riesz). Let T; : Coo(E) > Coo(E), t > 0, be a family of positivity 
preserving linear operators. Then T, is an integral operator of the form 


Tu(x)— f ined (1.17) 


where p;(x,-) is a uniquely defined positive Radon measure. 


It is not hard to see that p;(x, dy) is a sub-probability measure, if T;u < 1 whenever 
u < 1. Moreover, (t, x) — pi(x, B) is for every B € Z(E) measurable: If B = U 
is an open set, this follows immediately from (1.15) since we can approximate ly 
by an increasing sequence of positive Co5-functions. For general B € Z(E) we use 
a Dynkin system or monotone class argument. If (7;),;>0 is a semigroup, the kernels 
Di (x. dy) satisfy the Chapman-Kolmogorov equations 


adt J 50m ean YB € Z(E), st»0. —— (118) 


This shows that every Feller semigroup defined on Co5 (E) can be uniquely extended 
to a sub-Markov semigroup in the sense of Definition 1.1, i.e. it becomes a Feller 
semigroup in the sense of Definition 1.2. 


Other Feller Properties. As already mentioned, there is no uniform agreement on 
what a “Feller semigroup” should be. Usually the question is on which space the 
semigroup should be defined. Let us review some common alternative definitions 
and give them distinguishing names. 


Definition 1.6. A sub-Markov semigroup (7;);zo is called a C -Feller semigroup 
if it enjoys the C ;-Feller property, i.e. 


T,u c C,(E) VueOCE),t»0 (1.19) 


1 A Primer on Feller Semigroups and Feller Processes 


and if t — T;u is continuous in the topology of locally uniform convergence in the 
space C; (E). 


If E is compact, the notions of Feller- and C,-Feller semigroups coincide. The 
correct choice of topology on C; (£) is a major issue. Although (C (E), || - |loo) 
is a perfectly good Banach space, the requirement of strong continuity is so strong 
that only few semigroups enjoy this property. 


Example 1.7. a) Let T;u(x) = u(x + t£) be the shift-semigroup on R? (Example 


b 


c 


d 


wm 


wm 


wa 


1.3(a)). Since T;u(x) — u(x) = u(x + t£) — u(x), strong continuity of the shift 
semigroup entails that u is uniformly continuous. This means that (7;),>0 is not 
strongly continuous on (C; (IR^), || - loo): 

Let T,u(x) be the Poisson semigroup on IR^ (Example 1.3(b)). Then 


Touts) -uol = [Z (ule + 70) = u(y) Po] < luot =e) 
j= i 


shows that (7;);+o is strongly continuous on C; (IR?) (and even on B; (IR?)). 
Denote by (A, D(A)) the generator of the Feller semigroup (7;);>0, cf. Sect. 1.4 
below. If A is a bounded operator with respect to || - ||5, then (7;);20 is strongly 
continuous on C; (IR), and even on B; (IR). This follows from 


t 
|Tu(x)— u(x)| = f AT;u(x)ds| < t]|Alllulleo Wx € R?, u€ Co, (IR?) 
0 


cf. Lemma 1.26, and a standard extension argument for linear operators (the 
B.L.T. theorem, Reed-Simon [248, Theorem L7, p. 9]). This shows that a 
(Feller) semigroup with bounded generator is continuous in the strong operator 
topology: |T; — 1|| = supyyjoo<i |[T;4 — ullo < t|| AI]. Conversely, any semi- 
group which is continuous in the strong operator topology has a bounded 
generator, cf. Pazy [236, Theorem 1.2, p. 2]. 

The heat semigroup (Example 1.3(c)) is not strongly continuous on C; (IR). To 
see this, define a function u € C; (IR) by 


oo 0, |x ^ n| z 1, 
u(x) := Yo m(x) and u(x):2 {n(x-n++), n-i<x<n, 


n=2 1 1 
n(n++—x), nzx«n-l. 


Then we find for x € R,t > Oandó > 0 


|T,u(x) — u(x)| > f "o +y)- «G0 004 — 2||Ulloo f. ' gi(y) dy. 
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Pick x = n and ó = n^!. Then 


justes >| ie) utr + eydy—2 f POL 
4 <lyl<} lyl>4 


2n ^ ; n 


1 
gj 800-2 n0. 
zx bust I» tl» 1 


2n 


Now we use t = t, :— (4n?)^! and write (x) = f... gi(y) dy for the normal 
cumulative distribution function. Then 


lim |T;u — ulloo > lim |T pu- ulo > 362) - $H(1) - 2 > 0.01. 
t0 n—oo 


A similar calculation shows that (7;);2o is actually strongly continuous for all 
uniformly continuous functions u. 

Let (7;);>0 be an affine semigroup (Example 1.3(i)) on E = IR? x IR47" which 
is a Feller semigroup, i.e. ps(x,+) converges weakly to p;(x,-) as s — t for all 
(t, x) € [0, o0) x E. Then (7;);2o is also a C;-Feller semigroup. According to 
Theorem 1.9 below, this follows from 


e 


wm 


TAC) = Treo(x) = e$ 


which shows that x — 7;1(x) is continuous and bounded. oO 


If we replace uniform convergence by uniform convergence on compact sets, the 
restriction of a Feller semigroup to C (E) will be continuous at t = 0, cf. [274, 
Lemma 3.1]. 


Lemma 1.8. Let (T;);>0 bea Feller semigroup. Then lim; .o Try u(x) = u(x) locally 
uniformly in x for allu € C (E). 


The following criterion for a Feller semigroup to be a C;-Feller semigroup is 
again taken from [274, Sect. 3]. 


Theorem 1.9. Let (7T;);zo be a sub-Markov semigroup. Then 
(7; : Coo(E) > Coo(E) and Tle Cy(E)) = T, : C (E) > G (E). 
In particular, if (T;);zo is a Feller semigroup with T,1 € C (E), then it is also a 


Cp-Feller semigroup. 


A necessary and sufficient condition that a Cp-Feller semigroup is a Feller 
semigroup is given in the next theorem. 


Theorem 1.10. Let (T;);2o be a C;-Feller semigroup and (p;(x, dy));.9 the tran- 
sition kernels, i.e. for any t > 0, x € E andu € Cy(E), T,u(x) = f u(y) p. (x. dy). 
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Then, (T;)+>0 is a Feller semigroup if, and only if, for all t > 0 and any increasing 
sequence of bounded sets B, € Z(E) with |] „>; B, = E we have 


lim p(x, B,)) 20 Vnz |l. (1.20) 


|x|-oo 


Proof. Since E is locally compact and separable, E is o-compact, and there exists 
a sequence of bounded (even compact) sets B, increasing towards E. Assume that 
(T;)izo has the C;-Feller property. 

By the definition of C4; (IR^), there is for every € > 0 some N(e) such that for 
all n > N(e) we have |u|1 gvg, < €. Thus, for x € E, 


Tul < f M) odd) f, hio pr) 


n n 


< [lullo pr (x. Bn) + €. 
Hence, 


lim |Z;u(x)| € |luloo lim p(x, Bn) + € =e. 
|x|-oo |x|-oo 


Letting € — 0 yields that T;u € Coo (E). In order to see strong continuity on Cos ( £), 
we remark that ¢ œ> T;u(x) is continuous for all x € E and u € Co, (E). Thus, by 
Lemma 1.4, we conclude that (7;);2o is strongly continuous on Caos (E), hence a 
Feller semigroup. 

On the other hand, for any bounded set B € Z(E), there is some u € Cas (E) 
such that u > 0 and u|g = 1. Therefore, 


Tints) > [ u(y) pid) = plx, B): 


Since (7;);>0 is a Feller semigroup, 


0= lim |Z;u(x)| = lim T,u(x) 2 lim p;(x, B). Oo 
x|—> o0 |x|-oo |x|-oo 
The criterion (1.20) ensuring the Feller property in Theorem 1.10 is not easy to 
check. If E = IR we can use the structure of the infinitesimal generator to obtain a 
simpler condition; we postpone this to Theorem 2.49 in Sect. 2.5. 
In potential theory one often requires the following strong Feller property. 


Definition 1.11. A sub-Markov semigroup (7;);zo is said to be a strong Feller 
semigroup if T, : B,(E) — C, (E) for all t > 0. 


Among other things, the strong Feller property ensures that o-excessive functions 
are lower semicontinuous, see Blumenthal-Getoor [33, (2.16), p. 77]; for a detailed 
discussion we also refer to Bliedtner-Hansen [30, Sect. V.3, pp. 175-184]. 
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If (T;);zo is a strong Feller semigroup, then the operators 7; : B,(E) — C (E), 
t > 0, are compact if we equip B,(E) with the topology of uniform convergence 
and C (E) with the topology of locally uniform convergence, cf. Revuz [249, 
Proposition 1.5.8, Theorem 1.5.9, p. 37] or [290, Proposition 2.3]. The following 
result is from Bliedtner-Hansen [30, Proposition 2.10, p. 181]. 


Lemma 1.12. Let (T;);zo be a sub-Markov semigroup on By(E). Then the follow- 
ing assertions are equivalent. 


a) (Ti)izo is a strong Feller semigroup and for every t > 0 and u € C,(E) it holds 
that lim, |, Tsu = Tiu locally uniformly. 
b) For every u € B (E) the function (t, x) œ> T,u(x) is continuous on (0, oo) x E. 


Example 1.13. a) The shift and the Poisson semigroups [Examples 1.3(a) and 
1.3(b)] are not strongly Feller. 

b) A convolution semigroup (Example 1.3(e)) is strongly Feller if, and only if, the 
convolution kernel j4;(dy) is absolutely continuous with respect to Lebesgue 
measure. This result is due to Hawkes [132, Lemma 2.1, p. 338], see also Jacob 
[157, Lemmas 4.8.19, 4.8.20, pp. 438-439]. o 


A strong Feller semigroup need not be Cp-Feller nor Feller. Conversely, the 
strong Feller property does not follow from the (Cp-)Feller property without further 
conditions. Typically one has to assume some kind of (uniform) absolute continuity 
property or some ultracontractivity property. The following results are adapted from 
[290, Sects. 2.1 and 2.2]. 


Theorem 1.14. Let (T;);50 be a Cy-Feller semigroup with kernels (p;(x, dy))izo. 
Then the following assertions are equivalent. 


a) (Ti)izo is a strong Feller semigroup. 

b) There exists a probability measure u € M (E) such that for every t > 0 the 
family (p:(x, dy))xez is locally absolutely continuous with respect to m, i.e. for 
any compact set K C E it holds lim, _, , SUD iy uas P UD ues: Pt (z, B) = 0. 


In particular, if (7;),2o is a Cy-Feller semigroup such that the representing kernels 
are of the form p;(x,dy) = pi(x. y) u(dy) for some Radon measure y € M(E) 
and a locally bounded density (x, y) > p;(x, y), then (7T;);zo is a strong Feller 
semigroup. 

Another criterion is based on ultracontractivity. Hoh remarked in [138, Theorem 
8.9, p. 134], see also Jacob-Hoh [140, Theorem 2.1], that a Feller semigroup on 
Coo (IR^) which is ultracontractive, i.e. 


|T:Ulloo < e: lulia Yt > 0. we C: (R^), 


is already a strong Feller semigroup. 

Using Orlicz spaces we can obtain a necessary and sufficient condition. Let 
us recall some facts about Orlicz space from Rao-Ren [247]. A positive function 
® : R — [0, co] is a Young function if it is convex, even, satisfies (0) = 0 and 
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lim, oo ®(x) = oo. Given a Young function ® and a Radon measure u € M* (E), 
we define the Orlicz space as 


L? (w) = fy : E — R measurable and [ 90a < oo forsome g > o} ; 


The set L? (jz) is a linear space. If (x) = |x|”, p > 1, then LÊ? (u) coincides with 
the usual Lebesgue space L?” (u). The Orlicz norm 


llle = sup} f Ifelau : IRE Lge BCE), 


where ©, is the Legendre transform of ®, i.e. Pe (y) :— sup, so (x|y| —ó(x)), turns 
L? (u) into a Banach space. We have, cf. [290, Theorem 2.8], 


Theorem 1.15. Let (T;);zo be a C;-Feller semigroup. Then the following asser- 
tions are equivalent. 


a) (Ti)izo is a strong Feller semigroup. 

b) For every t > 0 there exists a Radon measure u; € M*(E) and some Young 
function d, : R — [0, oo) which is strictly increasing on [0, 00) such that for all 
compact sets K C E andu € C,(E) 


Lx Trulloo < C(K, Hullo. (1.21) 


Proof. This is a variant of [290, Theorem 2.8]. Note that the definition of a C;-Feller 
semigroup includes the condition [290, Theorem 2.8 (2)]. In order to see that (b) 
entails (a), one only needs that x = 0 is the only zero of the Young functions 9; 
this is clearly ensured by the strong monotonicity of ®,. The proof of the converse 
is based on the de la Vallée—Poussin characterization of uniform integrability, cf. 
[283, Theorem 16.8(vii), p. 170], and the argument in [283] allows us to take &, (x) 
strictly increasing on [0, oo). Hu 


One-Point Compactifications and Sub-Markovianity. The following technique 
allows us to restrict our attention to Markov semigroups, i.e. sub-Markov semi- 
groups satisfying 7,1 = 1. Let (7;);>0 be a Feller semigroup which is not necessar- 
ily conservative. Denote by E; the one-point compactification of E and define 


Tou := u(8) + T(u—u(9)) Yu € Coo(Ea) = C, (Es). (1.22) 


Then (T?):>0 is a conservative Feller semigroup. Without problems we see that the 
new semigroup inherits all relevant properties from (7;);>0. Only the positivity is 
not so obvious. This can be seen by functional-analytic arguments as in Ethier—Kurtz 
[100, Lemma 4.2.3, p. 166]; alternatively let (p; (x, dy))rzo be the kernels from the 
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Riesz representation of (7;);>0, cf. Theorem 1.5. Then the corresponding kernels 
for (T3 are given by 


px, {9} := 1 — p(x, E),  tz0,xe€E, 
p?(ð, B) := 63(B), t > 0, B € Z(E;), (1.23) 
p?(x, B) := p(x, B), t>0, xe E, Be Z(E), 


and the positivity of each T? follows. 
This means that we can restrict ourselves to conservative semigroups, if needed. 


1.2 From Feller Processes to Feller Semigroups—and Back 


Let (2, F, P) be a probability space and assume that (X;, .7,);29 is a time-homo- 
geneous Markov process with state space (E, @(E)). As usual, we denote by IP* 
and E~ the probability measures IP(-| Xo = x) and the corresponding expectation, 
respectively. From the Markov property one easily sees that 


E'u(X;):— f u(y) P*(X, € dy) Vue B,(E), x€ E (1.24) 
E 


defines a Markov semigroup. 

We always require that (X;);>0 is normal, i.e. IP (Xo = x) = 1 forall x € E. 
Moreover, we assume for simplicity that the process has infinite life-time, i.e. 
P*(X, € E) = 1forall t > 0 and x € E, otherwise we would get a sub-Markov 
semigroup. 


Definition 1.16. A Feller process is a time-homogeneous Markov process whose 
transition semigroup 7;u(x) = E* u(X;) is a Feller semigroup. 


A function p;(x, B) defined on [0, œ0) x E x Z(E) is a time-homogeneous 
transition function if 
Di(X.-) is a (sub-)probability measure on E, t > 0, x € E, 
po(x,.-) -à(), x € E, 
p. C, B) is jointly measurable, B € Z(E), (1.25) 


Pr+s(x, B) = J Ds(y, B) p(x, dy), s.t 20, B € Z(E). 


Clearly, p;(x, B) = IP(X, € B) = P(X; € B| Xo = x) is such a transition 
function. 

Conversely, assume that we start with a Feller semigroup (7;);zo. Using the Riesz 
representation theorem, Theorem 1.5, we can write T, as an integral operator 
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Tux) = J i9) pu dy) (1.26) 


where the family of kernels (p;(x,-))ioxer is a uniquely defined transition 
function. 

Using Kolmogorov's standard procedure we can construct a probability space 
(2, #, P) and a Markov process (X;);zo with state space E such that 


P*(X,eB)-P(X;eB|Xo— x) = p (x, B) and IE u(X;) = T;u(x). 


Example 1.17. The semigroups of Example 1.3 correspond to the following stochas- 
tic processes. 


a) (Shift semigroup) X, = t£ is a deterministic movement with speed £ € IR. 
b) (Poisson semigroup) X, is a Poisson process with intensity A > 0 and jump 
height £ € R^: P(X, = j£) = She, j 20,1,2,.... 

(Xi)izo is spatially homogeneous, i.e. IP (X, € B) = P(X; +x € B). 
(Heat/Brownian semigroup) X; is a d -dimensional standard Brownian motion, 
JP* (X, € dy) = gi(x — y) dy. (X;)izo is spatially homogeneous. 

d) (Symmetric stable semigroups) X, is a rotationally symmetric a-stable Lévy 
process, IP" (X, € dy) = gio(x — y) dy. If à = 1, we get the Cauchy process. 
(Xi)izo is spatially homogeneous. 

(Convolution/Lévy semigroups) X, is a Lévy process, i.e. a stochastic process 
with values in R? and with the following properties: 

stationary increments: X, — Xs ~ X;~s for0 < s «t; 

independent increments: (Xi = Xp ax ip 0 € to < ++- < t, are independent 
random variables; 

stochastic continuity: limy ,o P(|Xn| > €) = 0 for all € > 0. 

Note that the stationary increment property entails that Xo ~ 69 or Xo = 0 
a.s. Since the transition semigroup is a convolution operator, (X;);>0 is spatially 
homogeneous: 


c 


— 


e 


— 


E" u(X,) = Tux) = J EE T E J u(x + y) P(X, € dy) 
= E? u(X, + x), 


i.e. P*(X, € dy) = ju (dy — x). All previously considered examples are Lévy 
processes. 

f) (Ornstein-Uhlenbeck semigroups) Let (Z;), 2o be a Lévy process and B € R/*4, 
The process X? :— ex + p^ e 798 qz. x € RË, is a (Lévy-driven) Ornstein- 
Uhlenbeck process, which is the unique strong solution to the following 
stochastic differential equation: 


dX; = BX, dt + dZ;, Xo — x € R*. 
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A generalized Ornstein-Uhlenbeck process is the strong solution of the SDE 
dV, = V, dX” c ax, =H 2 xeR, 


where X, — (x ; XP ), t = 0, is a two-dimensional Lévy process. Behme- 

Lindner [18, Theorem 3.1] show that (V;),>0 is a one-dimensional Feller process. 

(One-sided stable semigroups) X; is an a-stable subordinator, i.e. an increasing 

Lévy process with values in [0, oo). 

h) (Affine semigroups) An affine process (X;);zo is a Markov process that corre- 
sponds to the affine semigroup (7;);zo of Example 1.3. Well-known examples 
are the Cox-Ingersoll- Ross process on E = [0, 00), the Ornstein-Uhlenbeck 
process on E — IR2, the process of a Heston model on E = [0, oo) x IR? 
or the Wishart process on the more general state space of positive semidef- 
inite d-dimensional matrices E — 8T. Note that the condition to be a Feller 
semigroup in Example 1.3 is equivalent to the stochastic continuity of the affine 
process, cf. (1.27). oO 


— 


g 


We have seen that Feller processes and Feller semigroups are in one-to-one 
correspondence. Clearly, the semigroup property is equivalent to the Chapman- 
Kolmogorov equations of the transition function, hence the Markov property of the 
Feller process. The strong continuity is linked to stochastic continuity of the process. 
Recall that a Markov process (X;);>0 is stochastically continuous, if 


lim P*(X,€ ENU,) 20 Yxe E, U, openneighbourhood of x. (1.27) 
t> 


If (1.27) holds uniformly for all x (in compact sets) we speak of (local) uniform 
stochastic continuity. For example, any Lévy process (Example 1.17(e)) is uni- 
formly stochastically continuous, see Dynkin [97, Chap. IL.§5, 2.23, p. 77]. 


Lemma 1.18. Let (X;);zo be a (temporally homogeneous) Markov process and 
(T;)izo be the corresponding Markov semigroup; assume that each T, has the Feller 
property, i.e. T; : Coo(IR4) — CSS (IR7). Then the strong continuity of (T;):>0 
entails that (X;);>0 is (locally uniformly) stochastically continuous. Conversely, if 
(X;)izo is stochastically continuous, the semigroup (T; );o is on the space Cx (IR^) 
weakly, hence strongly continuous. 


If (X;);zo is a Feller process then we denote by FX =0(X, : s < t) its natural 
filtration. Using some standard martingale regularization arguments one proves, see 
e.g. Revuz-Yor [250, Theorem III.2.7, p. 81], 


Theorem 1.19. Let (X;);zo be a Feller process. Then it has a cadlag modification, 
that is there exists a Feller process (X;)/2o such that P'(X, = X;) = 1 for all 
t > 0 and x € E, and t > X, (œ) is for almost all w right-continuous with finite 
left-hand limits (càdlàg? ). 


?càdlàg is the acronym for the French continue à droite et limitée à gauche. 
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In particular, any Lévy process (Example 1.17(e)) has a càdlàg modification. 

Often the natural filtration is too small. Usually one considers the right- 
continuous filtration F, = FA :— Meso 7 ., cf. Ethier-Kurtz [100, Theorem 
4.2.7, p. 169], or even larger universal augmentations, cf. Revuz—Yor [250, Proposi- 
tion III.2.10, p. 93], which are automatically right-continuous. For a Lévy process it 
is enough to augment .Z* by all P null sets to get a right-continuous filtration, see 
Protter [243, Theorem I.31, p. 22]. We define 


F, := N o (.Z,, N!) (1.28) 
L€NCT (E), w(E)=1 


where ON" is the family of the null sets corresponding to the initial distribution pj. 
Then (Fizo is a complete and right-continuous filtration [159, Theorem 3.5.10, 
p. 101] and we have the following extension of Theorem 1.19, see, for example, 
Jacob [159, Theorem 3.5.14, p. 104]. 


Theorem 1.20. Let (Š:):=o be the càdlàg modification of a Feller process and 
(Fi)izo be the filtration constructed in (1.28). Then ((Xi)tz0, (Ft)rz0) is a strong 
Markov process. 


1.3 Resolvents 


Let (7;),2o be a Feller semigroup and denote by (p;(x,-));zoxeg the transition 
function. By Fubini's theorem, the integral 


Uyu(x) := jo T,u(x) dt, = IT e™ u(y) p(x, dy) dt (1.29) 
0 0 


exists for alla > 0, x € E, u € B,(E), and is a linear map Ux : B,(E) > B (E). 


Definition 1.21. Let (7;);2o be a Feller semigroup and o > 0. The operator Uy 
given by (1.29) is the a-potential operator or resolvent operator at o > 0. 


If we interpret U, as the (vector-valued) Laplace transform of the Feller 
semigroup (7;);zo, it is not surprising that there is a one-to-one relationship between 
(Ua)a>0 and (T;):zo. 

Theorem 1.22. Let (T;);zo be a Feller semigroup. Then (Ua)a>o is a Feller 


contraction resolvent, i.e. for all a > 0 the operators aU, 


a) are positivity preserving and sub-Markov: 0 < u < 1 = 0xaU,uxl; 
b) satisfy the Feller property: aUy : Co (E) > C% (E); 
c) are strongly continuous on Co5 (E): limg sss ||aUsu — ullo = 0; 
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d) satisfy the resolvent equation 
Uau — Ugu = (B —a)UgU,u Vo, B > 0, ue B,(E); (1.30) 


e) satisfy the inversion formula (or exponential formula) 


Tu = lim [£U,]'u Yu € Cos CE). (strong limit in Coj(E)). — (3.31) 
noo 

Proof. The properties (a)-(c) and (1.30) follow at once from the integral represen- 

tation (1.29), see e.g. [284, Proposition 7.13, p. 97]. The inversion formula (1.31) 

is the vector-valued real Post- Widder inversion formula for the Laplace transform. 

The (non-trivial) proof can be found in Pazy [236, Theorem 1.8.3, p. 33]. oO 


Since the formula (1.31) holds for general contraction semigroups, we can use it 
to deduce the following result. 


Corollary 1.23. Let (T;);+0 be a contraction semigroup on B,(E) and (Uy)a>o the 
corresponding family of potential operators. 


a) (Ti)izo is positivity preserving (sub-Markov, strongly continuous) if, and only if, 
(&Ua)a>o is positivity preserving (sub-Markov, strongly continuous); 

b) T, : Cos (E) > Coo(E) for all t = 0 if, and only if, Uy : Coo (E) > Cos (E) for 
alla > 0. 


Note that the analogue of property (b) for C; also holds, but it fails for the strong 
Feller property: The shift semigroup T;u(x) = u(x + t£) is not a strong Feller 
semigroup while its resolvent U,u(x) = i e "* u(x + t£) dt is a convolution 
operator which maps B, (E) to Ci (E). 


1.4 Generators of Feller Semigroups and Processes 


Let (7;);2o be a Feller semigroup. If we understand the semigroup property 
Tix; = T,T; and To = id 


as an operator-valued functional equation it is an educated guess to expect that 
T, is some kind of exponential e’4 where A is a suitable operator. For matrix 
(semi-)groups this is an elementary exercise. Having in mind the classical functional 
equation, we know that we have to assume some kind of boundedness and 
continuity; in fact, strong continuity of (7;);2o will be enough. The key issue is the 
question how to define 7; as an "exponential" if A is an unbounded operator. This 
problem was independently solved by Hille and Yosida in 1948, and we refer to any 
text on operator semigroups for a complete description, for example [78, 236, 354] 
or [150] for a probabilistic perspective. Here we concentrate on Feller semigroups 
as in [100] or [284]. 
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Definition 1.24. A Feller generator or (infinitesimal) generator of a Feller semi- 
group (7;);2o or a Feller process (X;);0 is a linear operator (A, D(A)) defined by 


Tu 
D(A) := 4u € Coo (E) : lim d exists as uniform limit, , 
t> 
* (1.32) 
Au := lim S wue D(A). 
t> 


In general, (A, D(A)) is an unbounded operator which is densely defined, i.e. D(A) 
is dense in Coo ( E), and closed 


(Un)nz1 C D(A), lim un = u, u € D(A) and 
dio: — (1.33) 
(Auy)n>1 is a Cauchy sequence Au = lm Aun. 


Example 1.25. In general, it is difficult to determine the exact domain of the 
generator. For the semigroups from Example 1.3 we find 


a) (Shift semigroup) Au(x) = L- Vu(x) where £ € IR? and V is the d dimensional 
gradient. We have C]. (IR^) C D(A). 

b) (Poisson semigroup) Au(x) = A(u(x + £) — u(x)) with A > 0,£ € Rf. Since 
this is a bounded operator, D(A) = C,4 (IR?). 

c) (Heat/Brownian semigroup) Au(x) — 5 Au(x) where A is the d-dimensional 

Laplacian on IR?. It is easy to see that E (IR^) C D(A). If d = 1, we have 

C2. (IR) = D(A) (cf. [284, Example 7.20, p. 102]). If d > 2, the inclusion is 

strict, cf. Günter [129, Chap. II.$14, pp. 82-83] or [128, Chap. II.$14, pp. 85-86] 

for a concrete example and Dautray-Lions [82, Remark 5, pp. 290-291] for an 

abstract argument. In general, u € D(A) if, and only if, u € Co, (IR) and Au 

exists in the sense of Schwartz' distributions (i.e. as generalized function) and is 

represented by a Coo-function, cf. Itó [149, Sect. 3.82, pp. 92-96]. 

(Symmetric stable semigroups) If à € (0,2) then Au(x) = —(—A)*/2u(x). The 

fractional power of the Laplacian is, at least for u € C2, (IR^) C D(A), given by 


d 


— 


dy 
Au) = ca f UG) nnn o Nub 2D) res 34) 


where Cy = o22-!1g- 4? r (et4)/r(1 — 2) and for some truncation function 
X € B [0, co) such that O < 1 — y(s) < k min(s, 1) (for some « > 0) and sy(s) 
is bounded. 


Since lime.,o J yx(\y|) dy = 0, we can rewrite (1.34) under the integral 


| >e€ 
without Vu(x) - oA y|) as a Cauchy principal value integral, if œ € [1, 2), and 
as a bona fide integral, if œ € (0, 1). 

To get more details on the domain D(A) we use for a € (0, 1) and a function 
u € C (IR7) an alternative representation of the generator, see Sato [267, 


Example 32.7, p. 217] 
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e 


wm 


Au(x) — c L. L UEA LCD a (1.35) 


pita 


where oy is the uniform measure on the unit sphere $7 C IR. For non-integer 
B > 0, let C^ (I7) denote the Hilder space of |  |-times differentiable functions 
whose | f |" derivative is Hélder continuous with index £ — | £ |; as usual, ||- ||cs 
denotes the corresponding norm. 

Splitting the inner integral in (1.35) yields for u € C2, (IR?) N C^(IR^), 
1>B>a, 


|| Aulo < c(llullcs + lullo), (1.36) 


and this shows that we have Coo (IR?) N C***(IR7^) C D(A) for all e > 0. 

Foro = lasimilar argument yields the same statement. See also [16, Remark 
5.3] for an extension to stable-like processes in the sense of Bass. 
(Convolution/Lévy semigroups) The generator of a general Lévy semigroup is, 
for u € C2, (IR) C D(A), of the form 


1 
Au(x) = 1-Vu(x)+ 5 div OVu(x)+ f (uGxc-- y) -u(x)- Vu(x)-y x(yD) v(dy) 
R4 \{0} 
(1.37) 


where | € IR, Q € IR*4 positive semidefinite and v € Mt (IR7) such that 
Into) min(|y|?, 1) v(dy) < oo; x is a truncation function as in the previous 
example. For a proof we refer to Sato [267, Theorem 31.5, p. 208] or to 
Theorem 2.21 and Corollary 2.22 below. 

(Ornstein-Uhlenbeck semigroups) Let A be the operator given by (1.37), and let 
B € R/*4, Then, the generator of the Ornstein-Uhlenbeck semigroup is, for 
every u € CZ, (IR^) C D(A), of the form 


Lu(x) = Au(x) + Bx- Vu(x). 
For a proof we refer to [268, Theorem 3.1]. 


The generator of the generalized Ornstein-Uhlenbeck semigroup, cf. Exam- 
ple 1.17(f), is defined for u € C2(IR) by 


1 
Au(x) = (yıx + yoju (x) + ze oi + 2x012 + 05; u" (x) + 


+ I [u + yix +y) u — W(x + yonl] od dy 
R?\{0} 


20 
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2 
where (œ) ; @ 2 , v(dy,, 4) is the Lévy triplet of the driving Lévy 
y2 012 05 


process X, € R?. 

Moreover, {u € CZ (IR) : xu (x), x?u"(x) € Coo(IR)} C D(A) and the test 

functions C?? (IR“) are an operator core. For a proof we refer to Behme-Lindner 
[18, Theorem 3.1]. Using the technique of Theorem 3.8, in particular the remark 
following its statement, we can get a similar result with a different proof relying 
on the symbol, cf. Example 3.34(b). 
(Affine semigroups) The generator of an affine semigroup exists if, and only if, 
(T;)izo is regular, i.e. if I T eE* sy exists for all (x, £) € E x (C” x i7") 
and defines a function which is continuous at € = 0 for all x € E; equivalently, 
FE) = 6, E= and RE) = Wt, E)[i-o exist for all £ € C” x R47" 
and are continuous at £ = 0. Regularity follows from the stochastic continuity 
of the corresponding affine process or from the condition for being Feller in 
Example 1.3, cf. Keller-Ressel-Schachermayer- Teichmann [176, Theorem 5.1] 
or [177, Theorem 3.10] for general state spaces. For u € C?(E) the generator is 
given by 


Au(x) = l - Vu(x) + sav OVu(x) + J (u(x + y)—u(x) — Vu(x) - x(y))v(dy) 


EMO; 


1 : : : 
+ Yos | div o vut f (ule y) = ut) = Yuba) 02) v! t) 
pe E\{0} 


+ 3 - Vu(x), 


j=l 


where x = (x1,...,xg) € E,l, lÍ € Rf for j = 1,..., d, with Q, QJ € R?” 
positive semidefinite matrices, v,v € Mt(E) and y,x/ are truncation 
functions for j = 1,..., m. These parameters are subject to further restrictions, 
cf. Duffie—Filipovi¢—Schachermayer [91, Definition 2.6, p. 991]. 

The domain of the generator is strictly larger than C?(E) as it contains all 
functions u € C2,(E) which satisfy certain decay conditions at infinity, cf. 
Duffie-Filipovié-Schachermayer [91, Sect. 8, p. 1026] for details. Hu 


By definition, the generator A is the strong (right-)derivative of T; att — 0. Using 


the semigroup property one can show the following analogue of the fundamental 


theorem of differential calculus. 


Lemma 1.26. Let (A, D(A)) be the generator of the Feller semigroup (T;);>0. 


Then 
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t 
Tiu—u- af T;uds Wue Coo (IR?) 
0 
t 
=f AT;uds Yue D(A) (1.38) 
0 


t 
=f T;Auds Wue D(A). 
0 


A straightforward calculation using the formula (1.29) for the o-potential operator 
(e.g. [284, Theorem 7.13(f), pp. 97-98]) shows 


Lemma 1.27. Let (A,D(A)) be a Feller generator. Then for each a>0 the 
operator a — A has a bounded inverse which is just the a-potential operator Uy. 
In particular, D(A) = U4(Co5 (E)) independently of a > 0. 


In other words, the lemma shows that the equation 
au— Au- f 


has the solution u = (y — A) ! f = U, f. Therefore (U5)5.0 is called the resolvent. 
Because of the positivity of a Feller semigroup we find for any u € D(A) which 
admits a global maximum Umax = u(xo) = sup,eg u(y) 


T,u(xo) = u(xo) ES T, Umax — u(xo) X Umax — u(xo) =0. 


This proves the first part of the following lemma. The second part can be found in 
(284, Lemma 7.18, p. 101] and [100, Lemma 1.2.11, p. 16]. 

Lemma 1.28. A Feller generator (A, D(A)) satisfies the positive maximum prin- 
ciple 


u € D(A), u(xo) = supu(y) > 0 => Au(xo) < 0. (1.39) 
yeE 


Conversely, if the linear operator (A, D), where D C Coo(E) is a dense sub- 
space, satisfies the positive maximum principle, then (A, D) is dissipative, i.e. 


|Au — Aulloo = Allulles | VÀ » 0. (1.40) 


In particular, (A, D) has a closed extension (A, D(A)), and this extension satisfies 
again the positive maximum principle. 


For the Laplace operator (1.39) is quite familiar: At a (global) maximum the second 
derivative is negative. 
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Remark 1.29. The positive maximum principle can also be seen as the limiting case 
(for p — oo) of the notion of an L? (m)-Dirichlet operator. Let (AY, D(A”))) 
be the generator of a strongly continuous, sub-Markovian semigroup (Te Jaso in 
L? (m) for some p > 1. Then A? is an L? (m)-Dirichlet operator, i.e. 


[ws —1)*)P 1AM u(x) m(dx) <0 Vue D(A) (1.41) 
E 


and this condition is necessary and sufficient for the Markov property of the semi- 
group, cf. [281, Theorem 2.2]. If A) generates for every p > po a sub-Markovian 
semigroup and if there is a sufficiently rich set D C D(A?) (for all p > po) such 
that AP (D) consists of lower semicontinuous and bounded functions, then (1.41) 
becomes as p — oo the positive maximum principle (1.39), cf. [281, Theorem 
2.7]. The notion of a Dirichlet operator in L? is due to Bouleau-Hirsch [49], for the 
spaces L^ it was introduced by Jacob [157, Sect. 4.6, pp. 364—382]. oO 


If E C Rf, the positive maximum principle will have consequences for the struc- 
ture of the generator, cf. Theorem 2.21 below. For the time being, we are more 
interested in the consequences the positive maximum principle imposes upon the 
semigroup: It allows to adapt the classical Hille-Yosida theorem, see e.g. Ethier— 
Kurtz [100, Theorem 1.2.12, p. 16], to the context of Feller semigroups, cf. [100, 
Theorem 4.2.2, p. 165]. 


Theorem 1.30 (Hille-Yosida-Ray). Let (A, D) be a linear operator on C% (E). 
(A, D) is closable and the closure (A, D(A)) is the generator of a Feller semigroup 
if, and only if, 


a) D C Cos (E) is dense; 
b) (A, D) satisfies the positive maximum principle; 
c) (A — A)(D) C Cos (E) is dense for some (or all) A > 0. 


Proof. The necessity of the conditions (a) and (c) follows from the Hille-Yosida 
theorem, while condition (b) is the first half of Lemma 1.28. 

By the second part of Lemma 1.28, the condition (b) shows that (A, D) is 
dissipative. Then the Hille-Yosida theorem ensures that the closure of (A, D) 
generates a strongly continuous contraction semigroup on Coo ( E). Using once again 
condition (b), we see now that the associated resolvent, hence the semigroup, is 
positive, cf. [284, Lemma 7.18, p. 101]. oO 


Usually it is a problem to describe the domain D(A) of a Feller generator. 
The following result, due to Reuter and Dynkin, is often helpful if we want to 
determine the domain of the generator; our formulation follows Rogers—Williams 
(255, Lemma IIL.A.17, p. 237] and [284, Theorem 7.15, p. 100]. 


Lemma 1.31 (Dynkin; Reuter). Ler (A, D(A)) be the infinitesimal generator of a 
Feller semigroup, and assume that (G,D(G)), D(G) C Cœ (E), extends (A, D(A)), 
ie. D(A) C D(G) and G|»(4) = A. If for all u € D(G) 
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Gu =u => u=0, (1.42) 


then (A, D(A)) = (G, D(G)). 


Since the positive maximum principle or dissipativity guarantee (1.42), Lemma 1.31 
tells us that a Feller generator is maximally dissipative, i.e. that it has no proper 
dissipative extension. 

Recall that the weak limit of a family (u;);20 C Coo (E) is defined by 


weak- lim u, =u c VuEeM(4) : lim f u du = f udp. 
Lind t> 


Definition 1.32. Let (T;);>0 be a Feller semigroup. The pointwise (infinitesimal) 
generator is a linear operator (Ap, D(A,)) defined by 


, 


D(Ap) = fu € Ce (E) | Ag € Co (E) Vx € E : g(x) = lim d 


T,u(x) — u(x) 
t 


Apu(x) := lim Vu € T(A,), x € E. (1.43) 


The weak (infinitesimal) generator is a linear operator (A,,, D(A,,)) defined by 


Tu — 
D(Ay) :— fu € C. (E) | 3g € Co (E) : g = weak- lim : 
mm 


Tiu — 


Ayu := weak- lim Vu € D(A,). (1.44) 
t>0 

Since strong convergence entails weak convergence and since weak convergence in 

Cao (E) is actually bounded pointwise convergence, it is not hard to see that 


D(A) C D(A,) E D(Ap) and A= Awl D(A) = Ap|o(4. 


From the theory of operator semigroups we know that (A, D(A)) = (Ay, D(Aw)), 
cf. Pazy [236, Theorem 2.1.3, p. 43], and we even get (A, D(A)) = (Ap, D(A,)) 
if we use Davies’ proof of the “weak equals strong" theorem [78, Theorem 1.24, 
p. 17] and the fact that finite linear combinations of Dirac measures are vaguely 
(i.e. weak-*) dense in Mj (E). 

Alternatively, we can use the positive maximum principle. Clearly (A,, D(A,)) 
extends (A, D(A)), and A, satisfies the positive maximum principle. By (the 
analogue of) Lemma 1.28 we see that A, is dissipative and from Lemma 1.31 we 
conclude that D(A) = D(A,). This proves the following result. 
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Theorem 1.33. Let (T;);zo be a Feller semigroup generated by (A, D(A)). Then 


T,u(x) — u(x) 


D(A) = fu € Coo(E) | 3g € C (E) Vx € E : g(x) = lim 
(145) 
In particular, (A, D(A)) = (Ay, D(Aw)) = (Ap, D(Ap)). 


Operator Cores. Let (A, D(A)) be a densely defined, closed linear operator and 
D C D(A) be a dense subset. If D determines A in the sense that the closure of 
(A, D) is (A, D(A)), then D is called an (operator) core. In other words, D is an 
operator core if, and only if, 


Vue D(A) 3(u)zic2o: lim (Iu — un lloo + || Au — Au; |loo) =0. (1.46) 


Usually it is hard to determine operator cores, and the following abstract criterion 
often comes in handy. 


Lemma 1.34. Let (T;);2o be a Feller semigroup, (Ua)a>o the resolvent, (A, D(A)) 
the generator and Do C D C D(A) dense subsets of Co (E). Then D is an operator 
core for (A, D(A)) if one of the following conditions is satisfied. 


a) T; (Do) C D for all t > 0. 
b) U4(Do) C D for some a > 0. 


Proof. The first condition is a standard result from semigroup theory, see e.g. [100, 
Proposition 1.3.3, p. 17] or Davies [78, Theorem 1.9, p. 8]. The following simple 
proof for the second condition is taken from [9, proof of Theorem 4.4]. Fix any 
u € D(A) and set g :— au — Au. Since Do is dense in Cos ( E), there exists a 
sequence (g,)521 C Do converging to g. Then, for un :— Us8n, 


uniformly 


(Un, Aun) mE (Us, Qu, — En) = (u, ou — g) = (u, Au). 
noo 
By assumption, u, € U,(Do) C D, and this shows that D is a core. H 


The Full Generator. Sometimes it is useful to extend the notion of a generator 
even further. The starting point is the observation that 4 T, = T; A on D(A) or 


T;u(x) — u(x) = f T,Au(x)ds NxeE,uc D(A) (1.47) 
0 


see Lemma 1.26. This motivates the following definition, cf. Ethier-Kurtz [100, 
pp. 23-24]. 
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Definition 1.35. Let (7;);>0 be a Feller semigroup. The full generator is the set 
t 
Ap := 158) € B(E)x B(E) : Tif — f =f Tugas) . (1.48) 
0 


By (1.47), {(u, Au) : ue D(A)} C Aj. Observe that the full generator need not be 
single-valued, i.e. for any f € Bj; (E) there may be more than one g € B} (E) such 
that (f, g) € Ap: For the shift semigroup 7; f(x) :— f(x + t) on B; (IR) one has 
(0,2) € A, for each g € B (R) which is Lebesgue almost everywhere zero. The 
full generator is linear, dissipative and closed with respect to bounded pointwise 
limits bp-limp—+oo(fn, &n) = (f. g). A thorough discussion of the full generator 
can be found in Ethier- Kurtz [100, Sect. 1.5, pp. 22-28]. The full generator is most 
useful in connection with the martingale problem. At this point we restrict ourselves 
to the following fact, cf. [100, Proposition 4.17, p. 162]. 


Theorem 1.36. Let (X;);zo be a Feller process (or a Markov process) with full 
generator Ay. Then 


M, := f(X,) — f(%) — f g(X)ds V(f.g) € Ay (1.49) 


is a martingale with respect to the natural filtration FX :=0(Xs: s <t). 


Taking expectations in (1.49), we see that E* M; = 0 for all x € E; this is just 
(1.47), if f = u € D(A) and g = Au. . 
Theorem 1.36 allows a stochastic characterization of the full generator A;. 


Corollary 1.37. Let (X;)izo be a Feller process (or a strong Markov process) with 
full generator Ap, denote by 


ME = fa) - fa) - | g(X;ds, t20, 
0 


and write £X = o(X, : s < t) for the natural filtration of the process (X;)izo. 
Then 


Á, — [07 g) € By (E) x By(E) : (MPS, Bum isa martingale} ; 


Sometimes it is important to consider unbounded measurable functions f, g. 
While it is, in general, not clear how to define 7; f = E~” f (X,) for an unbounded 
function f, the expression f(X,) is well-defined, and the stochastic version of Ay 
can be extended to this situation. We set 


A= fe f.g) € B(E) x B(E) : (M9), £X)... is a local martingale} (1.50) 


and, by a stopping argument and the strong Markov property of (X;);>0, we see that 
Ay = ÂN (B, (E) x By(E)). 
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Note that the full generator A need not be single-valued, i.e. there might be two 
(or more) functions g, # g such that (f, g1), (f, g2) € A. Therefore we avoid the 
notion of extended generator which is sometimes found in the literature, e.g. Davis 
[80, (14.15), p. 32] or Meyn-Tweedie [226] 


D(A) := (f € B(E) : Alg € B(E), (f.g) e A}. (1.51) 


Dynkin's Characteristic Operator. The following extension is due to Dynkin, see 
[97, Chap. V.$83-4, pp. 140—149], our presentation follows [284, Sect. 7.5, pp. 103- 
109]. Let (X;);>0 be a Feller process, denote by FE =0(X, : s < t) the natural 
filtration, and by 


D cdné(t20:XoeB(rnh rz0xeE (1.52) 


the first hitting time of the open set E \ B(x, r) (this is always a stopping time for 
FH). Note that 


ty =inf{t>0: X% Ax}, xe. 


Using the strong Markov property of a Feller process one can show, cf. [284, 
Theorem A.26, p. 350], that 


P(t) > t)= e ^ forsome A(x) € [0, oo], x € E. 


This allows us to characterize points in the state space: 


an exponential holding point, if 0 < A(x) « oo, 
x € E iscalled 4 an instantaneous point, if A(x) = oo, (1.53) 


an absorbing point or a trap, if A(x) = 0. 


If x is not absorbing, then there is some r > 0 such that E~ t* < oo, and the 
following definition makes sense. 


Definition 1.38. Let (X;);>0 be a Feller process and denote by 17 the first hitting 


time of the set B (x, r). Dynkin’s characteristic operator is the linear operator 
defined by 


E'uXx)—u(x) ,,. 
lim ————_1————,,_ if x is not absorbing, 
Slu(x) := 4r29 IE t} (1.54) 


0, if x is absorbing, 


on the set D(X) consisting of all u € B (E) such that the limit in (1.54) exists for 
each non-absorbing point x € E. 
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From (1.49) and the optional stopping theorem for martingales we easily derive 
Dynkin's formula 


IE* u(X,) — u(x) = E* f Au(X;)ds, ue D(A) (1.55) 
0 


where o is a stopping time such that IE” o < oo. If we use o. = r7, this formula 
allows us to show that the characteristic operator (X, 'D(90)) extends the generator 
(A, D(A)), see Dynkin [97, Chap. V.§3, Theorem 5.5, pp. 142-143] or [284, 
Theorem 7.26, p. 107]. 


Theorem 1.39. Let (X;)izo be a Feller process with generator (A, D(A)) and 
characteristic operator (2, D(20)). Then 2 is an extension of A and Ap = A 
where D = {u € DA) N Cx (E) : Au € Cos (E)). 

As an application of the characteristic operator we can characterize the structure 
of the generators of Feller processes in IR with continuous sample paths. A linear 
operator L : D(L) C Bj(R?^) — B,;(IR^) is called local, if Lu(x) = Lw(x) 
whenever u,w € D(L) coincide in some neighbourhood of the point x, i.e. 
u|m.e) = W|nBo.9- 

Theorem 1.40. Let (X;);zo be a Feller process with values in R? and continuous 
sample paths. Then the generator (A, D(A)) is a local operator. 


If the test functions C (IR^) C D(A) are in the domain of the generator we can 
use a result due to Peetre [237] to see that local operators are differential operators. 
Theorem 1.41 (Peetre). Let L : CO (IR?) > C/ (IR?) be a linear ed where 
k > 0 is fixed. If suppLu C suppu, then Lu = y» MC yu with finitely 
many, uniquely determined distributions a, € 'D' (IR^) (i.e. the topological dual of 
ce (IR¢)) which are locally represented by functions of class C* (IR^). 


If we apply this to Feller generators, we get 


Corollary 1.42. Let (X;);>0 be a Feller process with continuous sample paths and 
generator (A, D(A)). Irc qua) C D(A), then A is a second-order differential 
operator. 


Proof. By Theorem 1.41, A is a differential operator. Since A has to satisfy the 
positive maximum principle, A is at most a second order differential operator. This 
follows from the fact that we can find test functions $ € C7? (IR^) such that xo is a 
global maximum while 0; 0,0; $ (xo) has arbitrary sign and arbitrary modulus. O 


Recall the so-called Dynkin-Kinney criterion which guarantees the continuity 


of the trajectories of a stochastic process: 


1 
Ve >0,r>0: lim sup sup — P*(r > |X, —x| > e) = 0, (1.56) 


h>0 (zn Ix|<r 
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see Dynkin [96, Kapitel 6.85, Satz 6.6, p. 139]? In fact, the Dynkin-Kinney 
criterion (1.56) is equivalent to the locality of the generator, cf. [284, Theorem 7.30, 
p. 108]. 


Corollary 1.43. Let (X;);»o be a Feller process such that the test functions 
C (IR^) are in the domain of the generator (A, D(A)). Then (A, C (IR¢)) is a 
local operator if, and only if, the Dynkin—Kinney criterion (1.56) holds. 


1.5 Feller Semigroups and L?-Spaces 


A Feller semigroup (7;);2o is, a priori, defined on the bounded measurable 
functions B5 (E) or the continuous functions vanishing at infinity Co5 (E). We will 
briefly discuss some standard situations which allow to extend T, |c, (gj onto a space 
of integrable functions. Throughout this section we assume that (E, ZZ(E),m) isa 
measure space such that the m is a positive Radon measure with full topological 
support, i.e. for any open set U C E we have m(U) > 0. 

We assume that the operators 7; are m-symmetric in the following sense 


f T,u(x) - w(x) m(dx) = f u(x)- T»w(x) m(dx) Vu,weC.(E). (1.57) 
E E 


If |w| € 1, we have |T;w| < T;|w| < T;1 < 1, and so 
Tulu = sup |f Tuwan < sup f ji: (Tl m < li. 
weC, (E) V E wEC.(E) JE 


lw|S1 lw|xt 


Since C, (E) is dense in L! (m) this shows that T; [c, ce) has an extension r9 such 
that p" : L' (m) — L! (m) is a contraction operator. It is easy to see that (Tr )izo 
is a strongly continuous sub-Markovian contraction semigroup on L!(m). 


To proceed, we need a version of the Riesz convexity theorem which we take 
from Butzer-Berens [57, Sect. 3.3.2, pp. 187—191]. 


3In [96] the criterion reads 


1 
Ve >0,r>0: lim sup sup — P*(|X;, — x| > €) = 0. 


h—0 «p |x|<r 


A careful check of the proof reveals that (1.56) is sufficient. Alternatively, if we already have a 
cadlag modification, we can use the simplified argument in [271, Theorem 2]: Just observe in 
that proof the following identity {|X, — X,| > €, sup <r |Xu| < r} = Qr > |X, — X,| > €, 
sup, <r |Xu| € rj. 
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Theorem 1.44 (M. Riesz). Let (E, Z(E), p) and (F, B(F),v) be two o-finite 


measure spaces, | € p € q < œ and assume that 
T : L?” (u) + L’ (u) > L?(v) + L*Q) 


is a bounded linear operator. Then T : L'(u) — L'(v) is bounded for any 
r € [p,q], and we have the following estimate for the operator norm 


1 1- 
6 —6 . 
IT |x Go > Lr) < IT M oq s Loy IT liao) if r = "E ow Ge (0, 1]. 


Using p = 1 and the L!-semigroup CE) 55 as the left end-point and g = oo and 
the Feller semigroup (7;);>0 as the right end-point, we see that 7; |c,(z) extends to 
all intermediate spaces L? (m), 1 < p < oo in such a way that the extensions yield 
strongly continuous, sub-Markovian contraction semigroups (TY oon in L (m). 
The symmetry assumption (1.57) is quite restrictive and we can relax it in the 
following way. Let (7;);zo be a Feller semigroup and denote by 7,* the formal 
adjoint of 7; with respect to the space L? (m), i.e. the linear operator defined by 


/ T,u(x) - w(x) m(dx) = / u(x) -(T*w)(dx) Vu,w € C.(E). (1.58) 
E E 


Note that T*w € (E) since the bounded Radon measures IV (E) are the 
topological dual of Coo (E). If we know that 


T? := T,;*|11¢m) maps L! (m) into itself, 


then the calculations can be modified under the assumption that 7,° is 
sub-Markovian, i.e. 0 < T/?u < 1 for all u € L! (m) such that 0 < u < 1. 


Lemma 1.45. Let (T;);zo be a Feller semigroup and assume that the operators T; 
are m-symmetric or that the L?(m)-adjoints TÈ := T? |L1 qn) are sub-Markovian. 


Then (T;);zo has for every 1 € p < oo an extension (0,54 to a strongly 
continuous, positivity preserving, sub-Markovian contraction semigroup on L (m). 


If the domain D(A) of the Feller generator A contains a subset D which 
is dense both in Cœ(E) and L'(m), one can show that the L?(m)-generators 
(A), D(A))) coincide on this set with A|p. A proof for the m-symmetric case 
and p — 2 is given in Proposition 3.15. 


Remark 1.46. There are good reasons to consider semigroups in an L?-setting and 
not only in L?. In general, L?-theories lead to better regularity and embedding 
results than the corresponding L?-theory; moreover, one has much better control 
on capacities. Therefore, L"-semigroups have been studied by Fukushima [114]; 
building on earlier work of Malliavin, see [215, Part II] for a survey, (r, p)-capacities 
were studied by Fukushima and Kaneko [116] in order to get a better grip on 
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exceptional (capacity-zero) sets. These are also discussed in [165, 166]. For further 
regularity results using Paley-Littlewood theory, we refer to Stein [307]. If we 
happen to know that (7;);zo is an analytic semigroup on all spaces L^, standard 
results from semigroup theory tell us that T; (L7?) C (xs, D((—A)*) and, should 
we have Sobolev embeddings, then ( ,..., D((—A)*) can be embedded into spaces 
of continuous and differentiable functions, see [167, Sect. 2]. A concrete application 
to gradient perturbations is given in [349, Theorem 1.1 and its proof]. Finally, many 
results on functional inequalities are set in L? spaces, see e.g. Wang [340, Chap. 5]. 


Chapter 2 
Feller Generators and Symbols 


In this chapter we are going to study the structure of Feller generators. Throughout 
we assume that E = R? or E = [0, oo). Our exposition will heavily depend on 
methods from Fourier analysis. Let us briefly review the most important definitions 
and formulae. The Fourier transform of a (signed or even complex-valued) 
measure u € NC (IR?) is defined as 


FUO = HG) = ny f e n. 21) 
and the inverse Fourier transform is 
F' u(x) = fie) = f ef (dé). (2.2) 


The (inverse) Fourier transform of a function u € L! (dx) is defined as the (inverse) 
Fourier transform of the measure u(dx) = u(x) dx. On the Schwartz space S(IR?) 
of rapidly decreasing C®-functions, F and 3^! are indeed inverse operations. 
If X ~ pw is a random variable with law u, then the characteristic function is the 


inverse Fourier transform of u: E e/** = 37! u(£). The (inverse) Fourier transform 
trivializes the convolution product 
Su * VIE) = Qm FE) FVE), u,v e MaR), (2.3) 


and satisfies the following Plancherel’s identity 


f Su(é) n(d£) = f u(x) Sj (x) dx, (2.4) 
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for all u € L!(dx) and u € Mi; (IR?). In particular, ||2u|;2 = (2) 7" |u||;» for 
all u € L?(dx) N L! (dx) and |Full < (2) ||u||;: for u € L! (dx). Finally, 


P(E)JS]ué) = S3[PC-i V)uJ&) and PQGV)S]u() = F[Pul(E) — Q.5 


for all polynomials P : R? — C and u € S(IR?). 


2.1 Orientation: Convolution Semigroups and Lévy 
Processes 


Assume that (7;);>0 is a Feller semigroup on IR? or [0, oo) which is invariant under 
translations, i.e. it satisfies 


t_,(T,u) = T;(t_,u) where t_,u:= u( + z). (2.6) 


By a classical result from functional analysis, cf. Rudin [259, Theorem 6.33, p. 173], 
a continuous linear operator L : C (Rf) — C(IR?) is translation invariant if, 
and only if, it is a convolution operator, i.e. Lu = À x u for some Schwartz 
distribution A € D/(IR“). Since T; is positivity preserving and sub-Markovian, A 
is a positive distribution of order zero, i.e. a positive Radon measure, cf. Hórmander 
[142, Theorem 2.1.7, p. 38]. Thus, 


T,u(x) = Í UO +x) u (dy) = ju *u(x) Vue Coo (IR?) (2.7) 


(£4 (B) = u: (— B) denotes the measure obtained by reflection at the origin), and by 
the sub-Markov property of T; we see that ji; (IR) < 1 is a sub-probability measure. 
If we compare ft; with the kernel (1.17) obtained from the Riesz representation 
theorem, we see that p; (x, dy) = fu(x — dy) = pu (dy — x). The formula (2.7) also 
shows that strong continuity of (7;);zo is the same as vague continuity of the family 
of measures (44);z0, and that the semigroup property of (T;);>0 is the same as the 
convolution property for the measures (j;);>0 


To —id, T,,,— T, T, € > bo = ĝo, Wis = Hi * HMs; (2.8) 


therefore, (4;);2o is often called a (vaguely continuous) convolution semigroup 
of measures. 


Lemma 2.1. There is a one-to-one correspondence between translation invariant 
Feller semigroups (T,);>0 and vaguely continuous convolution semigroups of sub- 
probability measures ({1;)1>0- 


Since the Fourier transform trivializes the convolution product, it is the method of 
choice in the analysis of translation invariant Feller semigroups. From (2.8) we see 
that ji; is an infinitely divisible measure, i.e. 
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ju = H% [n and, under the inverse Fourier transform, | ji, = (I jn) - 


For rational £ = q we get fig =  exp(glogjii)—the logarithm of the 
complex function ii, is uniquely defined, e.g. Sato [267, Lemma 7.6, p. 33], 
Bingham-Goldie-Teugels [29, second paragraph on p. 338] or Dieudonné [86, 
Chap. IX, Appendix 2, pp. 252-253 ]—and because of the vague continuity of the 
family ({4;);>0 we get the following theorem which is known from the theory 
of limit distributions. A probabilistic proof is given in Sato [267, Theorem 8.1, 
pp. 37-38], analytic proofs can be found in [73, 162] as well as in Corollary 2.22 
in the next section. 


Theorem 2.2. Let (T;);zo be a translation invariant Feller semigroup. Then 
T,u(é) =e Va’) VE ERT, ue CP (R^) (2.9) 


where the exponent Y : R^ — C is of the form 


WE) = vci Ese 0E f (etig yay) 2.10) 


R4\{0} 


with y(0) > 0, a vector 1 € R4, a symmetric positive semi-definite d x d-matrix 
Q € IR*4, a measure v € MF (IR? V (0]) such that fray min(|y ^, 1) v(dy) < oo, 
and some arbitrary function x € B,[0, oo) such that 0 € 1 — x(s) € x min(s, 1) 
(for some k > 0) and sy(s) stays bounded. 

Conversely, (2.9) defines, for any of the form (2.10), a translation invariant 
Feller semigroup. 

Up to the choice of x, the exponent yr — V (0) is uniquely determined by (1, Q, v) 
and vice versa. The choice of y only influences the parameter l. 


Common choices for the function y are (s) = Tj, (s) or (1 + 52)! or s^! sins. 


Theorem 2.2 says, in particular, that we can embed every infinitely divisible 
probability measure jz into a vaguely continuous convolution semigroup (44):z0 
if we set u1 :— p. 


Definition 2.3. Let (T;):>0, V, (l, Q, v) and y be as in Theorem 2.2. Then 


V is called the characteristic exponent, 
v (0) is the killing rate, 

(J,Q,v) isthe Lévy triplet, 

l is the drift coefficient, 

Q is the covariance matrix, 

v is the jump or Lévy measure, 

X is the truncation function, 


(2.10) is called the Lévy-Khintchine formula. 


Observe that Re y > 0 is the characteristic exponent of the symmetrized Lévy 
process X;/2 — X+/2 where (X;);zo is an independent copy of (X;);zo. This follows 
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from e™ Rev — le 5v = E ett X2, By Taylor’s theorem, the integrand 
in (2.10) is bounded by c min(|y|?, 1)(1 + |£[2), so 


Wl «cy (12-]EP) YEER. Q.11) 


A different proof will be given in Sect. 2.2 where we identify the characteristic 
exponents as the continuous negative definite functions in the sense of Schoenberg. 


Example 2.4. We will determine the characteristic exponents of the semigroups and 
processes from Example 1.3 and Example 1.17, respectively; cf. Example 1.25 for 
the generators. The Lévy triplet (/, Q, v) is given relative to the truncation function 
10,1). Throughout we will always assume that y/(0) = 0. 


a) (Shift semigroup—deterministic drift) y(£) = —i£- £ and (l, Q, v) = (£,0,0) 
where £ € IR? is the speed. 

b) (Poisson semigroup—Poisson process) v (E) = A(1 — ei*^); here £ € IR? is the 
jump size and A > 0 the intensity of the jumps. We have (/, Q, v) = (0,0, Ad¢) 
if |£| > 1, otherwise (7, Q, v) = (A£,0, A ôe). 

b^) (Compound Poisson processes) Assume that u is a finite measure with total 
mass || jz ||. Then 


Le) 


eee (2.12) 
lall 


vem quf. 0-69) 


is the characteristic exponent of a d -dimensional compound Poisson process 
and (/, Q, v) — Co.) £ u(d£), 0, u). The formula (2.12) has an interesting 
probabilistic interpretation: A compound Poisson process is a mixture of Pois- 
son processes with different jump sizes. The jump size is randomly distributed 
according to the law F(dy) = u(dy)/||ul|, and jumps occur with the overall 
intensity || u|]. 

c) (Heat/Brownian semigroup—Brownian motion) Y(E) = jt : QE where 
Q € IR*4 is positive semi-definite and describes the, possibly degenerate, 
covariance structure of a Brownian motion, that is B; = ./QW, where (W,);>0 
is a standard Wiener process. 

d) (Symmetric stable semigroups—symmetric stable processes) Y (E) = |&|* and 
(1, Q, v) = (0,0, c,|y| 47? dy), c4 = a2*71 n4? r (212) / r (1 — €), where 
0 <a < 2is the stability parameter. 

e) (Convolution semigroups—Lévy processes) This corresponds to general charac- 
teristic exponents y and Lévy triplets (Z, Q, v). 

f) (Ornstein-Uhlenbeck semigroups—Ornstein-Uhlenbeck processes) These are 

only Lévy processes in the trivial case B = 0. 

(One-sided stable semigroups—stable subordinators) (E) = (—i£)* where 

a € (0,1) and f(A) = A* is the Laplace exponent of the process: This 

means £e ^*: = e7'^", A simple change of variables in the formula for the 

Gamma function /'(o) reveals that A^ = yy a — e745) s~*—! ds where 

Ya = a/r (1 — a). Thus, (l, Q, v) = (y4/(1 — æ), 0, yos"! 19,5) (5) ds). 


— 


g 
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Since a one-sided process (X;);2o takes values in the half-line [0, oo), it 
is common to use the Laplace transform E e^^* instead of the characteristic 
function E e/*'*', Since the Laplace transform converges, our previous discus- 
sion on Lévy processes remains valid—up to the transformation € ~> iA—and 
we do not need to introduce a special notation for subordinators. The Laplace 
exponents are exactly the Bernstein functions. We refer to the monograph 
[293] for a detailed discussion. oO 


Let us now turn to the stochastic processes associated with a translation invariant 
Feller semigroups. 


Definition 2.5. A Lévy process is a Feller process (X;);zo with translation invari- 
ant, conservative semigroup (7;);zo. If the semigroup is not conservative, (X;);>0 
is a Lévy process with (exponential) killing. 


Note that u; is a probability measure if, and only if, 
lu^) = post. 


Thus, conservativeness is the same as to say that (0) = 0. On the other hand, if 
V(0) > 0, we have jJ, (IR) = P(X, € IR^) = e^'"O < 1 which means that 
the process (X;);>0 “dies (i.e. leaves the state space)" according to an exponential 
distribution with rate v (0). 

At first sight, the Definition 2.5 of a Lévy process looks unfamiliar, but the next 
result will fix this. 


Theorem 2.6. A stochastic process (X;)izo with values in IR" is a Lévy process if, 
and only if, it has (a modification satisfying) 


a) stationary increments: 
P'(X,—-X,c B) 2P'(X.,€ B) for x eR’, Be A(R), 0xs«t; 


b) independent increments: (X;, = Mpa) si are independent for 0 X tọ < +++ < th; 
c) cadlag paths: t œ> X, (œ) is almost surely right-continuous with finite left limits. 
Note that for Lévy processes it is usually assumed that the process starts at x = 0, 
i.e. Xo = 0. In this setting condition 2.6(a) simplifies to 

X,-X,;~ X,, for O<s <t. 


Proof of Theorem 2.6. Assume that (X;);>0 is a Lévy process in the sense of 
Definition 2.5, and equip it with the filtration .Z, :— FE, (or a completion thereof). 
By the Markov property, we find for all x, £ € R? and0 < s < t 


EX (gi 96739 | F) = BX eitim — py eiA) | = R eE 
E y=X, , 
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where we used translation invariance in the last step. This proves that X, — X; 
is distributed like X;-;, Xo = 0 a.s. and that X; — X, is independent of ¥,. 
Since all increments occurring up to time s are F, measurable, we have shown 
the properties (a) and (b), while (c) is always satisfied for (a suitable version of) a 
Feller process, cf. Theorem 1.19. 

Conversely, assume that ( X;);20 is a process on (2, F , P) satisfying (a)-(c). We 
have to show the Markov property and that the associated operator semigroup is a 
Feller semigroup. First we note that Property (b) is equivalent to the independence 
of Xi+s — X, and F, :— F x since the natural filtration F; X is also generated by 
all increments in [0, s]. Thus, 


IE (u(Xi45) | Fs) =E (u(Xi45 an X; + Xs) | Fs) = Ku(X; 25 3 as 


(see [284, Theorem 6.2, p. 63] for more details) and this shows that 


T,u(x) := E* u(Xi) := Eu(X; + x) = f u(y + x) P(X, € dy), ue B, (IR?), 
Rd 


defines a sub-Markovian semigroup. Being a convolution operator, it is not hard to 
see that T, maps Coo (IR7) to Coo (IR7). The strong continuity now follows from the 
càdlàg property of the sample paths: Let $ € C, (IR^) with Ips) € $ < 15(025). 
Then 


ITju(x) — u(x)| < 


(U(X: + x) — u(x))o(X;) d P| + 2||ullso EA — $(X;)) 
«| | MG +) -uld P pulis BC — 90). 
|X;|<28 
The assertion follows using the uniform continuity of u (for the first expression), 


dominated convergence and lim;.,9,. E(1 — $(X;)) = 0 (for the second). in| 


We can use the Fourier transform to determine the generator of a Lévy process. 
Since Re y = 0, we see with Theorem 2.2 that IT;u| = le**&| < |å], ie. Tyu is 
contained in L! (d£) if, say, u € C?? (IR^). Thus, for all u € C9 (R4) 


Tu(x)-u(x) | 97 [Tiu — i] 
t t 


—] ev —] = 
=| alo teva 


where we used the elementary estimate |e~$ — 1| < |£| for all & € C with Re ¢ > 0 
and the polynomial bound (2.11) for y. 


Theorem 2.7. Let (T;);zo be a translation invariant Feller semigroup with gen- 
erator (A, D(A)) and (X;)izo the corresponding Lévy process with killing and 
characteristic exponent Y. Then C (IR^) C A and A|ceequa) is of the form 
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Au(x) = 97 [-V a(x) = — Í EPEE dE, we CER). Q3) 


Conversely, every operator of the form (2.13) with given by (2.10), generates a 
translation invariant Feller semigroup and a Lévy process with killing. 


Remark 2.8. Let m(€) be a polynomially bounded, real or complex function on IR2. 
An operator of the form 


m(D)u:= F'[m Fu] Vue C9 (R^) 


is a Fourier multiplier operator. The function m is called the Fourier multiplier 
or symbol. 

Theorem 2.7 shows that the generator of a translation invariant Feller semigroup 
(T;)+0 (or a Lévy process (X;);z0) is a Fourier multiplier operator with the symbol 
—y. Similarly, we know from Theorem 2.2 that T, is a Fourier multiplier operator 
with the symbol e^!" ), and it is only a short calculation to see that the resolvent Ug 
(cf. Definition 1.21) is a Fourier multiplier operator with the symbol (o + V (£)) ! . 

Using the rules for the Fourier transform one sees readily that the composition of 
two Fourier multiplier operators with the symbols m(&) and n(&) is again a Fourier 
multiplier operator with the symbol m(£)n (€), and that any two Fourier multiplier 
operators commute. If we choose m(£) as a polynomial, the corresponding Fourier 
multiplier operator is a differential operator with constant coefficients. In general, 
Fourier multiplier operators are pseudo-differential operators with constant "coef- 
ficients’, see Definition 2.25. Good sources for Fourier multiplier operators are 
Duoandikoetxea [94, Chap. 8], Edwards [98, Chap. 16], Grafakos [126, Chap. 5] and 
Larsen [201 ]. 

A discussion on general L?—L/ Fourier multipliers in connection with charac- 
teristic exponents of Lévy processes (which are also known as negative definite 
functions, cf. Sect. 2.2 below) can be found in [105, Sect. 2.3, pp. 46-52] and [165, 
Sect. 3.1, pp. 1244-1245]. Bafiuelos-Bogdan [11] prove the L? -boundedness and 
provide sharp continuity constants for certain Fourier multipliers with a negative 
definite y; these results are remarkable as they do not use the Hórmander-Mikhlin 
multiplier theorem due to the missing smoothness of y. 

Abels-Husseini [1] give necessary and sufficient conditions on y which guaran- 
tee that the operator — y (D) is locally hypoelliptic.! 

In order to introduce variable "coefficients", we have to change the multiplier 
m(&) v» m(x, E), but then the nice composition rule, commutativity and many other 
properties break down. oO 


If we replace in (2.13) y by the Lévy—Khintchine representation (2.10) and invert 
the Fourier transform, we get 


'That is if f,u € W?*(IR4) for some s € [—00, 00) and w(D)u = f € C??(U) for some open 
set U € RI, then u € C?*(U). 
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Au(x) = Lu(x) + Su(x) 
with 
Ls 
Lu(x) = —yu(x) 4-1- Vu(x) + 5 divO Vu(x) 
and 


Su(x) = T (u(x + y) — u(x) — Vula) - »xG)v(dy); 
IR4N(0) 


(I, QO, v) is the Lévy triplet of y, y = v(0) = 0, and y is any truncation function 
as in Theorem 2.2. Set 


llo = DO IV*ulo, we CRD. 


O0x|o|x2 


Then it is obvious that 
ILullso < cy + V] + 1QDllullay. 
In order to get a similar estimate for the operator S we observe that 
[u(x + y) — u(x) — Vu(x)- yx(ly))| 


1 0 
J I y" D'u(x + ty)y dt dd + (1— x(ly)y - Vu(x) 


< ely? (II|D7ullloo + II] Vullloo) (yl € D 
(D?u denotes the Hessian) and 
u(x + y) — u(x) — Vu) - yx(» D] < (lullo + ll Vzullloc) (ly| > D 


(mind the properties of the truncation function y at s = 0 and s = oo). Thus we 
have 


[Sule e" f. miniy, Dv lulo 
R\{0} 
(we may assume that v Z 0, otherwise the estimate would be trivial), and we get 


Aulas < C ( 4A 1L f min(|y[2, 1) v(a)) lulo (2.14) 


R4\{0} 


for some absolute constant C. 
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By the bounded linear transform (B.L.T.) theorem (cf. Reed-Simon [248, 
Theorem I.7, p. 9]) we see that the estimate (2.14) allows us to extend (A, C?? (IR2)) 
uniquely onto C2, (IR) such that the estimate remains valid on the larger space. This 
means that the graph norm ||ul||es + ||Au||ee of A is bounded by ||u||(2). Since the 
generator (A, D(A)) is a closed operator, we conclude that 


CSRI |? = c2 (4) c D(A), 


see also [277, Lemma 2.5]. 


Corollary 2.9. Let (1T;);zo, (A, D(A)) and (X;)izo be as in Theorem 2.7. Then 
C. (IR^) C D(A) and Alez œs) is an integro-differential operator 


Au(x) = —yu(x) + l - Vu(x) + divo Vu) 
(2.15) 
+ f (uo +») co = u: yo) 
R4\{0} 


where (l, Q, v) is the Lévy triplet of Y, y = v(0) = Oand y € B,[0,00) isa 
truncation function such that 0 < 1 — x(s) < k min(s, 1) (for some k > 0) and 
Sx(s) stays bounded. 

Moreover, the estimate ||Aulloo < ci.o.v lul holds for all u € C3, (R^). 


Corollary 2.10. Let (A, D(A)) be as in Theorem 2.7. Then C?? (IR) is an operator 
core. 


Proof. Denote by y be the symbol of the generator and write U, for the -resolvent 
operator, o > 0. For u € C°°(IR“) we know that à € S(IR“); since Re y > 0, 


1 
IE" (a + wy à)| < s EOI € L'R, dE) Vnz0 


and the Riemann—Lebesgue lemma proves that 
WU n(x) = fe GE (a + HOY iode 


is in Coo(R“) for all £ € IN7. Thus, UsC (R?) C C£? (R4), and Lemma 1.34(b) 
shows that CSS (IR?) is a core for (A, D(A)). 

In order to show that Cm ) is a core for (A, D(A)), we take any sequence 
(@n)nz1 C CR?) satisfying Legon) € $, < 1 and ||¢,||(2) € 2 for every n > 1. 
Pick any u € CS? (IR7). Then u, := nu € C? (IR4), and it is not hard to see that 
lim; sos ||u — un ||) = 0. From (2.14) we get 
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|u — uslloo + [Au — Aun llo < clu — urlo —> 0, 
n—oo 


and this proves that C°° (IR?) is also an operator core. o 


Corollary 2.11. Let (A,D(A)) be as in Theorem 2.7. Then A has a unique 
extension to C A (R2), again denoted by A, satisfying 


Au(x) = lim A(ujy)(x) 


foru € CPR?) and any sequence (¢y)n>1 C CP with 15(o,) € on < 1. 
Moreover, the extension is again represented by the formula (2.15) and 


| Aule, < cellule Yu e CERD). 


Proof. Note that the formula (2.15) for Au remains valid if u € C; (IR?). Let us, 
for the moment, write A if we mean this extension. By dominated convergence we 
get Au(x) = lim, +o0 A(ugy)(x) for any u € C 7 (R2) and any sequence (n)n>1 as 
described in the statement of the corollary. In this sense, the extension Á is unique. 
If we pick the ¢, such that ||j, |» € 1, we get from (2.14) 


lulo = | lim Aug,)| ~ € lim Augl € c lim |lugnlle < lulo. 
n—oo 29 noo n—>0o 


oO 


The characteristic exponent y and the Lévy triplet (/, Q, v) play a key role for 
the further study of Lévy processes. For sample path properties, the survey papers 
by Fristedt [112] and Taylor [318] are still unsurpassed. An up-to-date account on 
Hausdorff dimensions and other fractal properties can be found in Xiao [353]. Sato 
[267] is the best source for general properties of a Lévy process, while Bertoin [27] 
and Kyprianou [198] concentrate on potential theory and fluctuation theory. For a 
quick introduction (without proofs) from a stochastic analysis point of view, Protter 
[243, Chap. I.$83-4] is a good choice; his exposition is based on Bretagnolle [53]; a 
full treatment is given in Applebaum [5]. The presentations in Berg—Forst [24] and 
Jacob [157] are closest to the point of view in this section. 

Let us close with the Lévy-Itó or semimartingale representation of a Lévy 
process. This shows that the Lévy characteristics are essentially the semimartingale 
characteristics in the sense of Jacod-Shiryaev [170, Chap. IL.$2a, pp. 75-81 and 
II.$4c, pp. 106-111]. Following Protter [243, Theorem 1.42, p. 31] we have 


Theorem 2.12. Let (X;)izo be a Lévy process with characteristic exponent W, 
w(0) = 0 and Lévy triplet (l, Q, v) w.rt. the truncation function x = 191). Let 
(W,);zo be a standard Brownian motion on R? and N,(B) = Doss: LB (4X,), 
B € BR? \ {0}, be the counting measure of the jumps AX, = X, — X,— of 
(X;)izo of size B occurring in [0, t]; for each B, (N; (^, B));zo is a Poisson process 
with intensity v(B) € [0, co]. 
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Then (X;)izo has the following Lévy—-Itô decomposition 


x cue Ow fy (Cay) - aye Yo AX Max: 


0<|y|<1 O<s<t 


(2.16) 
The four components appearing in the decomposition are stochastically independent 
Lévy processes. 


An elementary proof of Theorem 2.12 can be found in Breiman [52, Chap. 14.8, pp. 
312-315]. The four processes appearing in (2.16) yield various decompositions of 
the process (X;);>0, 


X, = Xp + XP = XM +X 


where 


e XC = lt + / QW, is the continuous part, 
° XP = f y (NC dy) -tv(dy) - 35. AX; lgjAx,s1) is the pure jump part, 


0<|y|<1 O<s<t 
e XMS = /OW,+ f  y(N,(-,dy) — tv(dy)) is the L?-martingale part, 
0<|y|<1 
© XI =lt+ AX;AMgAx [a is the finite variation part of (X,);>0. 
O<s<t 


2.2 Positive and Negative Definite Functions 


A function ¢ : R? — C is said to be positive definite (in the sense of Bochner), if 


5.96; -&)AjÀ SO Vn 21, E....& € R^, A... A, € C. 17) 
jk=1 


Fourier transforms of positive measures and characteristic functions of random 
variables are typical examples. In fact, these are already all possibilities. Easily 
accessible proofs of the following classical theorem by Bochner can be found in 
Bogachev [35, Theorem 7.13.1, p. 121], Reed-Simon [248, Theorem IX.9, p. 330] 
or Sasvári [266, Theorem 1.7.3, pp. 42—43]. 


Theorem 2.13. A function $ : IR^ — C is continuous and positive definite if, and 
only if, it is the inverse Fourier transform of a measure u € Mf (R2) 


$6 =H) = Í ed), ERM 


The measure u is uniquely determined by $, and vice versa. 
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If (j)izo is a vaguely continuous convolution semigroup, we have seen in Sect. 2.1, 
see the discussion preceding Theorem 2.2, that i, = jf, = exp(t log Jii) for all 
t > 0 and that the exponent y :— — log ji, characterizes the measures (,1;);>0. The 
characteristic exponent w has an interesting analytic property: —y is conditionally 
positive definite in the following sense. Pick £j,...,£, € IR and Aj,...,A, € C 
satisfying ? 5 ., A; = 0; then 


n n 
> (1 —e 9 Gj780)4 13, 2a 5 e™ VEED Dy <0 
jk=1 jk=1 


since e^ '" is positive definite as it is the Fourier transform of a probability measure. 
Dividing by ¢ > 0 and letting t — 0 yields 


Vn > l, &,..., 5, € R7, 


Y yE -E)AjA 20 . (2.18) 
get Ài,..., An € C, Xj =0. 


j=l 


Definition 2.14. A function y : IR^ — C is negative definite (in the sense of 
Schoenberg) if Y (0) > 0, V (£) = v (—£), and if it satisfies (2.18). 


Observe that (2.18) resembles (2.17), up to the condition that ios Aj = 0. 
Therefore, some authors call —w conditionally positive definite, if y is negative 
definite in the sense of Definition 2.14. 

The following characterisation of (continuous) negative definite functions is 
compiled from Berg-Forst [24, $7, pp. 39-48, and Theorem 10.8, p. 75]. 


Theorem 2.15. For a function Y : R? — QC the following assertions are 
equivalent. 


a) v is negative definite. 

b) —wv is conditionally positive definite. 

c) v (0) = O and e~™ is positive definite for every t > 0. 

d) The matrix (w(E;) + YE) — WE — &)) € C% is positive hermitian for all 
n > land&,...,&) € RZ, i.e. 


- CET " Yn > T, £... E€ RI, 
JYE -&))A;À, 20 
2; (660 +7) WE; -&)AjA. 2 ae 
(2.19) 


e) (0) = 0 and te= O — e!) is negative definite for every t > 0. 
Moreover, if Y is continuous, the assertions (a)-(e) are also equivalent to 
f) v(0) = Oand y is given by a Lévy-Khintchine representation 
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1 ; 
we) -vO-iltezt ore f (Lo erit vi yD)v 
R“\{0} 
(2.20) 


with the Lévy triplet (l, Q, v) comprising | € R4, Q € R¢*4 symmetric and 
positive semidefinite, v € M+ (IR \ £01) with Sra\eoy min(|y|*, 1) v(dy) < oo, 
and any truncation function y € B,[0, oo) such that, for some k > 0, we have 
0 < 1— x(s) € k min(s, 1) and sx (s) stays bounded. 

g) v(0) = 0 and y — v(0) is the characteristic exponent of an infinitely divisible 
probability distribution mı (or a vaguely continuous convolution semigroup 
(/41)+=0 or a translation invariant Feller semigroup (T;);>0). 


Using Taylor’s formula, it is not hard to see that the integrand appearing in the 
Lévy-Khintchine formula is for fixed £ € IR^ of order O((y -£)?) as |y| > 0 and is 
bounded for |y| — oo. Thus, with a constant c, depending only on the truncation 
function, 


[1 = eE + i£- yx(QyD| < cy min(y|?, DA + [£P). (2.21) 


A continuous negative definite function is uniquely determined by w(0) and the 
Lévy triplet (/, Q, v), and it is possible to calculate the Lévy triplet from v, cf. 
Berg—Forst [24, Proposition 18.2, p. 172 and Theorem 18.19, p. 182]. 


Lemma 2.16. Let y : IR — C be a continuous negative definite function, and 
denote by (T;);zo the corresponding operator semigroup. Then 


[^ = lim + Tj) Vu € C, (IR? \ {0}, 
t—> 


THES lim me), 


noo n 


(2.22) 


The formula for the Lévy measure can be restated as v = lim;.,o I Par toy 
where (ur)r>o is the convolution semigroup associated with y and with the limit 
taken in the vague topology w.rt. Co, (IR^ V {0})—to wit: We have to test the 
measures against functions which are continuous functions with compact support 
in R7 X {0}. 

(Continuous) negative definite functions enjoy a number of important properties 
which can be easily derived from the equivalent characterizations listed in Theo- 
rem 2.15. 


Proposition 2.17. Let y : IR — C be a negative definite function. 


a) Re Y (E) > v(0) > Oforall £ € IR^. 

b) V and Re v are negative definite. 

c) VIV] is subadditive: /\W(E + D| < VIVO + VIVI for all £, € R^. 

d) y is polynomially bounded: |y (5)| < 2 supy,)< IWO + [£|?) forall £ € R4. 
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e) The family of all negative definite functions is a convex cone which is closed 
under pointwise convergence. 

f) The family of all continuous negative definite functions is a convex cone which is 
closed under locally uniform convergence. If Yn — y and if (In, Qn, Vn) is the 
Lévy triplet of Yn, then the Lévy triplet (l, Q, v) of Y is given by 


|»? Iyl? 
lim u(y) ———; w(dy) = u(y) 
noo mato) l|»? R4 MO) 1H»? 


v(dy Vue C,(R7) 


lim lim g Q,E + Í (E - y)? vw (dy) — E- os =0 and lim |, =1. 
e>0n->0o 0«|y|xe n—oo 
Proof. Most of the properties are proved in Berg-Forst [24, $7, pp. 39-48]. The 
properties (a), (b), (e) and the cone property in (f) follow directly from the definition 
of negative definiteness. The convergence of the Lévy triplets can be found in Sato 
[267, Theorem 8.7, pp. 41—42] or Cuppens [77, Theorem 4.3.5, pp. 88-89]. 
For (c) we use Theorem 2.15(d) and the fact that the matrix 


( V(&) + v5) — ¥(0) d 
vin) v) —-va-£ va) va)- v) 
has a positive determinant. Finally, (d) follows from subadditivity: Fix £ € R? and 


denote by ng :— ||&|]| the integer part and by f: :— |&| — [|5|] the fractional part of 
|&|. Then 


VIV GI s ne V IG] + Iv G E| «ü-lDspViWGD. — a 


The following estimates for the derivatives of a continuous negative definite 
function are due to Hoh [137, Proposition 2.1] for real-valued y, see also Jacob 
[157, Theorem 3.7.13, p. 154]. 


Lemma 2.18 (Hoh). Let y : IR^ — C be the characteristic exponent of a Lévy 
process (with killing) with Lévy triplet (L, Q , v). If the Lévy measure v has bounded 
support, then is arbitrarily often differentiable, and we have for a € Ng the 
estimates 


IVE), , a=, 
IV*y(G)| € cial 3 (I| +Revé)?, if Jo| = 1, (2.23) 
1, if |o| > 2. 


The constant Cjo) depends only on l, Q and the moments of v. 
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Proof. Without loss of generality we may assume that v is supported in IB(0, 1) and 
that the truncation function y(s) in the Lévy-Khintchine formula (2.20) is 1jo,1)(s). 
For a = 0, there is nothing to show. If || = 1 we get 


a i 
P --il-ej + Q&-ej +i hus yi(l = e**) vay) 


and, by the elementary estimate (a + b +c)? < 3(a? + b? + c?) and the Cauchy- 
Schwarz inequality, 


2 
EX <alur+lote Plot + f. reve f lier? vay] 
7 R4\{0} R4\{0} 
=s[ailtl colo Sel +20 [ 0-0)» 
Ré\{0} 


< c(l + Re v®) 


with a constant c; depending only on (/, Q, v). Similarly, 


PYE) | 
CE) +f y; yk e" v(dy) 
dE; Ek T7 Pus 
and 
^y (E) I ; 
x max |Qe;| 4 m FETA 
0& ; OE pee jl PA ( y) 2 
A similar estimate holds for all higher derivatives. " 


Remark 2.19. 'The concepts of positive and negative definiteness can be extended to 
abelian semigroups with involution. Up to now we have been considering the semi- 
group (IR^, +) with the involution £ +> £* :— —€. If we use, instead, ([0, oo), +) 
with the trivial involution £* :— &, most of the material of this section remains valid 
and we arrive naturally at the notion of completely monotone functions (which are 
the positive definite functions on [0, oo)) and Bernstein functions (which are the 
negative definite functions on [0, oo)). These functions correspond to the Laplace 
transforms and characteristic (Laplace) exponents, respectively, of increasing Lévy 
processes on [0, oo) (subordinators). A short discussion is given in [293, Chap. 4], 
for a systematic treatment we refer to Berg-Christensen-Ressel [25]. oO 
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2.3 Generator and Symbol of a Feller Semigroup on In? 


In this section we consider Feller semigroups (7;);2o on (Cs; (IR^), || - loo). Recall 
from Definition 1.2 that a Feller semigroup is a strongly continuous, positivity 
preserving and sub-Markovian semigroup T, : Co, (IR?) — Coo (IR^). The generator 
(A, D(A)) enjoys the positive maximum principle (Lemma 1.28), 


u € D(A), u(xo) = supu(y) 2 0 = Au(xo) < 0, (2.24) 
yeE 


which will play a major role in this section: It allows to characterize the structure of 
the generators. Locally, a Feller generator looks like the generator of a Lévy process 
(with killing)—i.e. the process corresponding to a translation invariant Feller 
semigroup—in the sense that it is given by a Lévy-Khintchine type representation 
(2.15) with an x-dependent Lévy triplet (/, Q, v) = (I(x), Q(x), N(x,-)). 

We begin with a result from the theory of distributions. The Schwartz distribu- 
tions form the topological dual D'(IR2) of the test functions C e (IR¢). A distribution 
A € D' (RÌ) is of order k > 0, if for every r > 0 there is a constant c, such that 


IAlu]l < cr llullay Yu € C2°(BO,r)) 
dullæ = o<jaj<k ll V*wlloo). We say that A € D’/(IR“) is supported in {x} if 
supp(A) C {x}: e Aflu] =O Vue CP? (IR^ \ (xy). 


The following fundamental results can be found, e.g. in Hórmander [142, Theorem 
2.1.7, p. 38 and Theorem 2.3.4, pp. 46-47] or Duistermaat-Kolk [92, Theorem 3.18, 
p. 42 and Theorem 8.10, p. 77]. 


Theorem 2.20. Let A : C (IR^) > R be a linear functional. 


a) If A is positive, i.e. A[u] > 0 for all u > 0, then A is a distribution of order zero, 
and A is represented by a positive Radon measure u € Mt (IR^): 


Alu] = [ u(y) wd) Yue COR"), 


b) If A € D/(R*) is a distribution of order k > 0 with supp(A) C {x}, then there 
exist coefficients a, € IR, a € INZ, |a| < k, such that 


A[u] = > a,V"u(x) Vue C9? (R4). 


0x|o| xk 


Let (A, D(A)) be a Feller generator such that C£? (IR^) C D(A). We are going to 
show that the positive maximum principle implies that u œ> Au(x), u € C&*(IR?), 
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is for every x € IR a distribution of order at most 2. Therefore, Theorem 2.20 will 
lead to an explicit formula for a Feller generator. As a special case, we obtain a 
new proof for the Lévy-Khinchine formula (2.10). The following theorem is due to 
Courrége [74], see also [38], and von Waldenfels [333, 334, 335]. 


Theorem 2.21 (Courrége; v. Waldenfels). Let (A, D(A)) be a Feller generator. 
If CP (R7) C D(A), then A is of the following form 


Au(x) = —c(x)u(x) + L(x) - Vu(x) + ; divOG)VuG) 

(2.25) 

+f (weet 9) =u) = Vut) ely) NG d) 
R4\{0} 


where c(x) > 0, (I(x), Q(x), N(x, -)) is, for fixed x € R4, a Lévy triplet: I(x) € 
R¢, Q(x) e R?*4 symmetric, positive semidefinite, and N(x,-) € M+ (IR^ V {0}) 
satisfying Jra\ so} min(|y|?, 1) N(x, dy) < oo, and x € B,[0,00) is a truncation 
function such that 0 < 1 — x(s) < k min(s, 1) (for some k > 0) and sy(s) stays 
bounded. 


In (2.25) the differential operator —c(x)u(x) + I(x) - Vu(x) + i div Q (x)Vu(x) is 
often called the local part? of A, while the integral part is the non-local part. 

The following proof was shown to one of us by F. Hirsch (private communication, 
Evry, 1996), a careful presentation can be found in Hoh [138, Sect. 2.2, pp. 17-27]. 
The idea to use distributions can be traced back to Herz [134]. 


Proof (of Theorem 2.21). Throughout this proof we will abbreviate positive max- 
imum principle by PMP. We fix x € I^ and observe that A,[u] :— Au(x), 
ucc? (IR“), defines a linear functional on cs (R3). 


Step 1. Since the zero of a positive function is a negative minimum, we infer from 
the PMP for A that 


$ € CYRI), $ 20, pœ) 20 = Alp] > 0? 


Let u € CP? (IR7), u > 0, and consider $(y) = |x — y|?u(y); this is a positive test 
function with $(x) = 0. Thus, u œ> |- —xl A«[u] := A&[| - —x|?u] is a positive 
linear functional. By Theorem 2.20(a), | - —x |? A, is a positive distribution, and we 
may identify it with a Radon measure v(x,-) € M (IR^). Notice that the compact 
sets K C IR? \ {x} are contained in annuli of the form B(x, R) \ B(x, r) for suitable 
radii 0 « r « R. Thus, the Borel measure 


Recall that an operator L is local, if supp Lu C suppu or, equivalently, if Lu(x) = Lw(x) 
whenever u and w coincide in some open neighbourhood of x. 

?This property is, in fact, a weaker version of the PMP which is often referred to as présque positif 
(Courrége [74, $1.2 (P), pp. 2-03/04]) or fast positiv (von Waldenfels [335 ]). 
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1 
u(x, dy) = le. 2 v(x, dy) 
Ix — yl 


is finite on compact sets in IR^ V {x}, hence a Radon measure on IR^ \ {x}. By our 
construction, 


L(x, :) = Arlc} as distributions in 'p' (IR? \ {x}, 


and we find 


f Ix — y? u(x, dy) = f v(x, dy) « oo. (2.26) 
0«|x—y|x1 


0«|x—y|x1 


Step 2. Pick u,v € C (IR^) with 0 < u,v < 1, supp(u) C B(x, 1), u(x) = 1 and 
supp(v) C B (x, 1). Then x is a positive maximum for the function ||v||oou + v, 


sup (lvlu) + v) = lvl = lvlu) + v(x), 


yeR? 


and by the PMP, A,[||v|lou + v] € 0 or Alu] < —|lv||oAx[u]. Now choose 
a sequence (U,)n>1 C C?* (IR? ) such that v, + lren asn — oo. Monotone 
convergence shows 


f ie tim, f wO) 6s. dy) <- im lonl Asi — Asi] < 00. 
|x-y|>1 |x-y|>1 


(2.27) 


Step 3. Let u(x, -) be as in Steps 1 and 2, assume that y is a truncation function (as 
specified in the theorem), and define for u € C (R$) 


S,hà = I (u(y) — ue) — Vu()- =a | 2.28) 


|x—y|>0 


Taylor’s theorem and the definition of a truncation function imply 


uO) — u(x) — Vu): Q — x) xy — xD| & C;llulloy min — yP. 1) 


for some constant C, depending only on the truncation function. This shows, 
because of (2.26) and (2.27), that S, is a distribution of order 2. 


Step 4. Set Ly :— Ay — Sy. From the definition of S, it is clear that Ly is a 
distribution with supp(L,) C {x}. Moreover, Lx satisfies the following weaker 
version of the positive maximum principle 
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u € CP (R^), u> 0, u(x) 20 = L,[u] > 0. (2.29) 


To see this, pick $ € C?* (IR?) with 0 € 9 < 1, lB.) = 0 and $|i (x2) = b and 
set n(Y) :— $ (ny). Since lim; oo dn = lg t4, we find for u € C£? (IR7) as in 
(2.29) and any sufficiently large n > 1 


ite abt eid C eso 
= Ala - pul- f (1 — 64 00)4) w(x, dy) 
R4\{x} 


>-| (1 = $n Ou) ex, dy) 
R4\{x} 


where we used that supp(L,) C {x}, u(x) = 0, Vu(x) = 0 (x is a minimum), and 
the positive maximum principle for Ay. Letting n — oo we conclude with monotone 
convergence that L, [u] > lim, o5 - frag Cl — n (y)u(y) u(x, dy) = 0. 


Step 5. As in the first two steps we conclude from (2.29) that L is a distribution of 
order 2: Using a Taylor expansion we see 


u(y) — u(x) — Vu(x) (y — x) < C lullo ly — xp? 
from which we get 
Chulo ly — x|? + u(x) + Vu(x) : (y — x) 2 u(y) > 0, 
and by (2.29), 
Lu] € u(x) Ly [1] + Vu(x) - Lal — x)] + C lull Lll: —xl^] C lulio. 


Step 6. Since supp(L,) C {x} is a distribution of order 2, we get from 
Theorem 2.20(b) that 


Ly[u] = ioca e ES Lue! 


2 EC 


(2.30) 


Let (u;);21 C C? (IR?) with 0 < un € 1, un|B@,1) = 1 and un + 1. From the PMP 
we see A,[u,] < 0 for all n > 1, and since Vu,(x) = 0, dominated convergence 
gives S.[u,] = - fg ij — Uun(y)) u(x, dy) — 0 as n — oo. Thus, 


lim L,[u,] = im. Ax [Un] — im. Sa [un] < 0; 


n—oo 


from (2.30) we conclude that c(x) = 0. 
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If we set v, (y) :— ((x — y) - £u (y) for any £ € IRZ, we have v, (x) = 0, and 
from Step 4 we infer that L,[v,] > 0, hence Pici qjk(X)Ej Ek Z 0. 


Step 7. Finally, with N(x, dy) := u(x, dy—x) we get (2.25) from (2.28) and (2.30). 
oO 


If (7;);>0 is translation invariant, this gives a new proof of the Lévy-Khintchine 
formula. 


Corollary 2.22. Let (T;):+0 be a translation invariant Feller semigroup with 
generator (A, D(A)) and denote by ({4;):>0 the corresponding vaguely continuous 
convolution semigroup. Then C&* (IR^) C D(A) and the characteristic exponent 
V of the inverse Fourier transform Ñ, = exp(—tw) has the Lévy-Khintchine 
representation (2.10). 


Proof. As ({4+);20 is a vaguely continuous convolution semigroup, j£, = exp(—tw) 
is, for every £ > 0, a positive definite function with a continuous exponent y. 
By Schoenberg's theorem, Theorem 2.15(c), y is a continuous negative definite 
function, and as such it is polynomially bounded: |V(£)| < cy(1 + |&|*), see 
Proposition 2.17(d). This allows to show that C7? (IR^) C D(A): We have for 
ue CP (IR?) 


T; u(x) — u(x) [eù à 
A A a | s POR E 
t t 


| (x) > g Lyü]x) Vxem^ 


and the right-hand side is, by the Riemann-Lebesgue lemma, a Co-function since 
a € S(IR^) and vá € L'(d£). Thus, Theorem 1.33 shows that C (IR?) is in the 
domain D(A) of the generator. 

As Au = 9^! [-y ái], we can deduce the formula for y from Corollary 2.23. 0 


Using Fourier inversion, we deduce immediately the following formula from the 
representation (2.25). 


Corollary 2.23. Let (A, D(A)) be a Feller generator. If C (IR^) C D(A), then A 
is of the following form 


Au(x) := —q(x, D)u(x) := - f. e"*q(x,E)ü(£)d£ Vue CP (R^) (2.31) 


where, for every x € RË, the function q(x,-) is a continuous negative definite 
function with x-dependent Lévy triplet (I(x), Q(x), N(x, dy)) relative to some 
truncation function x, i.e. 


1 

q(x, E) = q(x, 0) - il(x)-& + zE Q(x)E 

| (2.32) 

+f (1— eË + it- yxQvD) N(x, dy). 
R4M0) 
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Example 2.24 (Ornstein-Uhlenbeck Semigroups). (Compare Example 1.17(f)) Let 
(Zi)izo be a Lévy process with characteristic exponent y and B € R¢*¢. The 
stochastic process X7 :— e' Bx. h eB dZ., x € R£, is an Ornstein-Uhlenbeck 
process and its generator has the symbol 


q(x, E) = —ixB-& + w(§). o 


An operator of the form (2.31) is known in analysis as a pseudo-differential 
operator and the x-dependent Fourier multiplier —q (x, Ẹ) is referred to as the 
symbol of the operator. There is a well-developed theory of pseudo-differential 
operators, see e.g. Hórmander [143], Kumano-go [194], Taylor [317] or Ruzhansky— 
Turunen [261], to mention just a few standard treatises, but the symbol classes 
considered there require more smoothness of (x, £) > q(x,£&) than we usually 
can admit for Feller generators: In the most general case £ > q(x, Ẹ) is continuous 
and negative definite. 

An interesting approach is due to Barndorff-Nielsen—Levendorskii [13] who start 
with the characteristic exponent of a Lévy process which depends on a certain set 
of parameters, for example a normal inverse Gaussian Lévy process. Then they 
make the parameters x-dependent and construct in this way Feller processes which 
are sensitive with respect to their current position; see also [42]. Note that their 
construction requires C^?-smoothness in x. Nevertheless, there is a well developed 
symbolic calculus for non-classical, rough pseudo-differential operators which was 
initiated by Jacob, see his survey [155] and the monographs [157, 158, 159], and 
further developed by Hoh [137, 138]. Since |q(x, £)| € c,(1 + ||?) < oo, the 
following definition makes sense. 


Definition 2.25. Let q : R? x R? > C, (x, £) & q(x, £), be a function which is, 
for every x € Rf, continuous and negative definite in the variable £, i.e. given by 
(2.32). Then 


-q(x, D)u(x) := — Í, e"*a(x,E)(£) d£, ue CLRI) 


is a pseudo-differential operator (with negative definite symbol) and q(x, £) is 
called the symbol of the operator. 


By Corollary 2.23, every Feller generator (A, D(A)) with CLRI) C D(A) is 
a pseudo-differential operator with negative definite symbol. Since the symbol 
depends on the state space variable x, we call —q(x, D) also an operator with 
variable “coefficients” (where the Lévy triplet assumes the role of the coefficients). 
In abuse of notation we also call q(x, €) the symbol of a Feller process. The 
generators with constant coefficients correspond to the translation invariant Feller 
semigroups or Lévy processes and the pseudo-differential operator becomes a 
Fourier multiplier operator, cf. Theorem 2.7 and Remark 2.8: 


pu- [evexit dg, we cto. 
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In the translation invariant case there is a one-to-one correspondence between 
symbols y, Lévy triplets (7, Q, v) and translation invariant Feller semigroups/Lévy 
processes (with killing), cf. Theorems 2.2 and 2.7, but this is no longer the case 
for general Feller semigroups and processes. Although every Feller semigroup and 
Feller process whose generator satisfies C (IR^) C D(A) is a pseudo-differential 
operator with negative definite symbol, the converse question is a difficult problem: 
When does a given x-dependent Lévy triplet (l(x), Q(x), N(x,-)) or a given 
negative definite symbol q(x,-) give rise to a Feller process? This question was 
for the first time asked by Jacob [152]. The (positive) answer is by far not trivial, 
and a thorough discussion of all known solution strategies is given in Chap. 3 below. 
At this point we will only provide two counterexamples. 


Example 2.26. a) Consider the continuous negative definite symbol q : RxR — C 
given by 


q(x, £) = —i £ 2sgn(x) |x| 


which gives rise to a deterministic process (a pure drift process with state space 
dependent drift) with sample path starting in Xo = x given by 


(t+ /x)?, x>0, 

X, = 0, x= 0, 

—(t + /-xy, x <0. 
Then T;u(x) := IE" (u(X;)) defines a semigroup on B; (IR). But for any function 
u € Cs, (IR) with u(t?) 4 u(—t?), the map x > T;u(x) is not continuous at 0. 
Thus, it is not a Feller semigroup. Note, however, that lim|;|.. oo T,u(x) = 0 for 


all u € Co, (RR). 
b) (cf. van Casteren [331, Remark 2.12, p. 156]) Analogously, the symbol 


e3 
qx, E) =i x 
gives rise to the deterministic process 
x 
V1 + 2tx? 


Its semigroup satisfies T; : Co, (IR) — C(R), but for suitable u € Co, (IR) we 

have limy soo T;u(x) = u(1/4/21) z 0. o 
Set eg(x) := e*t, fixa € C? (IR?) with 1go.) € o € 1 and o,(y) := o(y — x). 
Proposition 2.27. Let (A, D(A)) be a Feller generator, CP (IR^) C D(A), and 
denote by q(x, E) its symbol. 


a) SUP, |Au(x)| < cr |lull(q for all r > 0 andu € C? (IB(0, r)); 
b) q(x, 0) is locally bounded; 
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c) —q(x, £) = e-g(x) Aeg(x) where eg(x) = gts 

d) |q(x. E| € y(x)C + JEI) for some locally bounded function y : RË — [0, 00); 

e) Let (I(x), Q(x), N(x,-)) be the Lévy triplet of q(x,-) — q(x,0) and denote by 
X a truncation function (cf. Theorem 2.21). Then the Lévy kernel N(x, dy) is 
uniquely determined by Au(x) — Jra\toy u(x + y) N(x, dy) for x € supp(u) and 
u € C&*(IR7). Moreover, denoting by 1; (x) and q jx(x) the entries of I(x) and 
Q(x), respectively, 


q(x, 0) = / (C0) - 1) N(x, dy) — Alor] (2). 
R4é\{0} 
its) Ale redo) fl TEE E 
R4 \{0} 
aasde / yis OYNG, dj); 
IR^N(0) 
for all x € R4 and j,k =1,...,d. 


,|2 
f) For all u € C99 (R7) the map x => Into) u(y) is 
in particular, x +» N(x, B) is measurable for all Borel sets B € (IR^ \ {0}). 


N (x, dy) is measurable; 


Proof. a) Let r > 0. Consider the family of linear operators 
u > Ay[u] := Au(x) for x € IB(0, r). 


We have seen in the proof of Theorem 2.21 that A, : C£? (IB(0, r)) > R satisfies 
[Ax[u]| < ¢;,x||ul|(@ which means that we can understand (Ax), ero, as a family 


of linear operators from the Banach space (C? (B(0, r)), || - ||») to the Banach 
space (IR, | - |). Therefore, the Banach-Steinhaus theorem proves (a). 

b) Fix r > 0 and pick some 6, € C7? (IR“) such that 0 < 6, < 1 and 6-|Beor) = 1. 
Then we find 


AO, (x) = —c(x)0, (x) + fante + y)— 1) N(x, dy) < —(x) Vx € B(0,r). 


Since c > 0 and since A0, € Coo, we get (b). 

c) Since we may plug in eg into the formula (2.25), we get (c) from a direct (but 
formal) computation. Theorem 2.37(a) justifies this formal calculation since the 
representation (2.25) remains valid on C, ^ (R3). 

d) Fix r > 0 and 6, € C?? (IR?) as in (b). A calculation similar to the one needed 
for (c) shows for x € IB(0, r) 


—4q(x, E) = eg Al6,e¢] + e£ A[(1 — 4, Jee] 


e_¢ A[O,e¢] + I e® (1 — 0, (x + y)) N(x, dy), 
R/NO) 


54 2 Feller Generators and Symbols 
and we get for all x € IB(0, r) 
la Œ, &)| < |A[O,e¢](x)| + lex) 6, (x) — AG, (x)| < Albe] + 140: G0] + (x). 


Now we can use parts (a) and (b) and the continuity of AQ, to conclude that 
(x, E) }> q(x, £) is bounded for (x, £) from compact sets. The claimed estimate 
follows from the estimate for ||6,e¢||(2) which produces a polynomial of order 2 
in the parameter £. 

e) This follows from a direct calculation using (2.25). 

f) The following argument is taken from Hoh [138, Lemma 2.19, p. 26]. For every 
u € C? (IR? V {0}) we set v(y) :— u(y) Es. Since V%v(0) = 0 for all 
multiindices 0 < |o| < 2, we have 


Ly? mv o. . 
ban IDE xm duc die Í, q(x. E)E) dé. 


The last expression depends measurably on x; the measurability of x — N(x, B) 
follows now from standard approximation and Dynkin system (monotone class) 
arguments. 

oO 


Continuity of the Symbol. Every symbol q(x, €) is continuous in £, but the 
continuity in x is not obvious. The following result is from [45, Remark (A4.b), 
p. 78]. 


Lemma 2.28. Let (A, D(A)) be a Feller generator with CLRI) C D(A) and 
symbol q(x, €). If the corresponding Feller process has uniformly bounded jumps, 
i.e. if N(x,dy) satisfies sup era N(x, IR^ V B(0,r)) = 0 for some r > 0, then 
x e» q(x, &) is continuous. 

This follows from the fact that A : C°° (R“) — Css (IR^) and inserting the function 
ucc? (IR7) with 1m(o3; € u < 1 into (2.25). The next example, again from [45, 
pp. 78—79], shows what can go wrong if there are unbounded jumps. 


Example 2.29. Consider a Markov process (X;);2o on [0, oo] with the following 
transition function: 


P*(X, = x) = e™ cosht, P*(X, = x~!) = e™ sinht, if x € [0, 00), 
TP?(X, = 00) = 1, P(X, = 0) = 0, if x = oo, 


where we use the convention 1/0 = oo and 1/oo = 0. The transition semigroup is 
given by 


T,u(x) = e™ (u(x) cosht + u(x~!)sinht), if x € [0, 00), 
T;u(co) = u(oo), if x = oo, 
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and the infinitesimal generator is 
Aux) = Ayo uta) +f QI) - nC) Nes C08... (9 


This is a Feller generator on {u € Coo[0, oo] : u(0) = u(co) = 0} with the symbol 


q(x, £) = 149 (x) + (exp [i(t — x)] — 1) 1 0,55 Q9: 


but q(x, £) is clearly discontinuous at x = 0. o 


If x |> q(x,0) is continuous, in particular if g(x,0) = 0, then x b q(x,£) is 
always continuous, cf. [274, Theorem 4.4, p. 249]. 


Theorem 2.30. Let (A, D(A)) be a Feller generator with CLR?) C D(A) and 
symbol q(x, E) with Lévy triplet (I(x), Q(x), N(x, -)). Then the following assertions 
are equivalent. 


a) x b> q(x, 0) is continuous; 

b) x + q(x, £) is continuous for all £ € RË; 

c) limi so sup. ex |g(x. £) — q(x,0)| = 0 for all compact sets K C Rf; 
d) lim, >o sup.eg N(x, IR^ V IB(0, r)) = 0 for all compact sets K C RË. 


Boundedness of the Coefficients. The Lévy triplet (I(x), Q(x), N(x,-)) is the 
analogue of the “coefficients” for the operator A = —q(x, D). In fact, if N = 0, 
then /(x) and Q(x) are indeed the coefficients of the local part of A. We say 
that a pseudo-differential operator with negative definite symbol has bounded 
coefficients, if 


sup |g(x,0)| + mee [Z(x)| + a |O(x)| 
xeR? 


(2.33) 
+ sup co min(| y^, 1) N(x, dy) < oo 
R4\{0} 


xeR? 


where | - | denotes any vector resp. matrix norm. The following result is from [285, 
Lemma 6.2]. 


Theorem 2.31. Let (A, D(A)) be a Feller generator, CP (IR^) C D(A) with the 
symbol q(x,&) having the Lévy triplet (I(x), Q(x), N(x,-)). Then the following 
assertions are equivalent for any compact set K C IR? or for K = RË. 


a) suplgG | < cox + EP). VE e R; 
b) sup [g(x O) sup GO] + sup |O x] + sup Pf. min(|yP, DNC, dy) < oo; 
xeR¢ R“\{0} 


c) sup sup |q(x,7)| < oo. 


Ins xEK 
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If one, hence all, of the above conditions hold, then there exists a constant such that 
Cq,K € 2 supe, Super qx. )]. In particular, A has bounded coefficients if, and 


only if, 


la(x.£)| < 2 sup sup lgx, DIA +EP) «oo. Vx € RY. Q.34) 


In|€1xem4 


Conservativeness. Recall that a Feller semigroup (7;);zo is conservative if we 
have T;1 = 1 for all t > 0. For the corresponding stochastic process conservative- 
ness means a.s. infinite life-time. For a Lévy process this is the same as y (0) = 0, 
i.e. there is no killing. For a general Feller process a new phenomenon comes in: 
It is possible that the coefficients grow so fast that they cause an explosion. This 
situation is known from the theory of stochastic differential equations (see [285] and 
Sect. 3.5 for the connection of SDEs and symbols) where non-explosion is ensured 
by the linear growth condition and from the theory of elliptic diffusions, cf. Stroock- 
Varadhan [312, Chap. 10]. 

As in the case of Lévy processes, a conservative Feller process necessarily 
satisfies q(x, 0) = 0. The rationale behind this are the identities (1.38) 


ji 
Tu-u= f T, Au ds 
0 


where we formally insert u = 1 and observe that Al ~ —q(x,0). With a few 
precautions, this programme can be made rigorous. The following result is taken 
from [275, Corollary 3.4] ^ or [274, Lemma 5.1] 


Lemma 2.32. Let (A, D(A)) be a Feller generator with COUR) C D(A) such 
that the symbol q(x,&) is continuous as a function of x. If the Feller semigroup 
(T;)izo is conservative, then q(x,0) = 0. 


If the symbol has bounded coefficients, cf. Theorem 2.31, we get a partial converse. 


Theorem 2.33. Let (A, D(A)) be a Feller generator with C&* (IR^) C D(A) such 
that the symbol q(x,&) has bounded coefficients. If q(x,0) = 0, then (Ti);zo is 
conservative and x +> q(x, &) is continuous. 


The influence of the growth of the coefficients can also be observed for Feller 
processes. The following sufficient criterion holds for all dimensions. Recall that for 
a recurrent elliptic diffusion, typically in dimension d = 1 and 2, the coefficients 
can grow arbitrarily fast without causing explosion in finite time, cf. [312, 10.3.3, 
p. 260]. If d > 3 we see that the coefficients should not grow faster than |x|?. 
Having in mind that the symbol of a nondegenerate elliptic diffusion is 


^The additional assumptions on the symbol in [275] just ensure the existence of a Feller process. 
Since we assume in Lemma 2.32 that (A, D(A)) generates a Feller process, we can dispense of 
them. 
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; 1 
q(x, 8) = cQ) = iG) E+ 5 5 a COE; E 
jk 


—and this symbol also grows like |£|?—the following result from [345, Theorem 
2.1, Remark 2.1 (2)] is a natural counterpart to the results from Stroock—Varadhan 
[312]. Earlier versions of such results are due to Hoh-Jacob [140, Corollary 2.2], 
Jacob [156, Proposition 2.1] and [274, Theorem 5.5]. 


Theorem 2.34. Let (A, D(A)) be a Feller generator such that C® (IR^) C D(A) 
and denote by q(x, €) the symbol. If for any x € R!, q(x,0) = 0 and 


lim sup sup |q(y,]] «oo. Vx e R^ (2.35) 


r> |y—x|<2r |n|<1/r 


then the Feller semigroup (T;);+0 is conservative, and the associated Feller process 
(X)izo has infinite life-time. 


For a smaller class of symbols Hoh [138, Proposition 9.1] has the following non- 
explosion result which actually follows from Theorem 2.34. Hoh’s result is stated 
in the context of the martingale problem (cf. Sect.3.5) and applies to all pseudo- 
differential operators with negative definite symbol q(x, E£) such that the martingale 
problem for (—q (x, D), C7? (IR7)) has a solution. We state it for Feller processes. 


Theorem 2.35. Let (A, D(A)) be a Feller generator such that CR?) C D(A) 
and with real-valued symbol q(x,&). If q(x,0) = 0 and if there is a fixed 
continuous, real-valued negative definite function y : R^ — TR. such that 


acO o sud 2.36 
q(x.&) CONNECT |x| (2.36) 


then the Feller semigroup (T;):zo is conservative and the associated Feller process 
(X;)izo has infinite life-time. 


Related conservativeness results for jump processes (often defined on general 
metric spaces) generated by symmetric Dirichlet forms are discussed by Uemura 
and co-authors [219, 220, 330]. These criteria are based on the speed and scale 
measures of the processes. For a Feller process, the role of the scale measure is taken 
by the jump kernel N(x, dy), while the speed measure is Lebesgue measure dx. 
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For a Lévy process (Y;);>0 the characteristic exponent w and the symbol of the 
infinitesimal generator coincide, cf. Theorem 2.7. This observation allows us to 
calculate the symbol stochastically: 
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d E eit* —] E* ei —1 
= = — ev) = lim — — ——— = lim ——__.. 2.37 
VG) di t=0 a; t rn t ( ) 


We are going to show that this formula remains valid for Feller processes (X;);>0 


which are generated by pseudo-differential operators. Following Jacob [156] we 
write eg(x) :— e$ and 


Ar(x, E) = EF elf 0079 — e 4G Teg(x), x,£ € RY. (2.38) 


The function A; : IR x R? — C is the symbol of the transition operator T; in the 
sense of Definition 2.25 


Tix) = As, Duo) = f e"fAx,E)ü(E)d&£ Vue CP (R^) (2.39) 
Ri 


Under the assumption that the uniformly continuous C?-functions are in the domain, 
C2(IR7) C D(A), Jacob established the analogue of (2.37) for Feller processes. 
This was subsequently generalized in [275, Theorem 3.1]; the starting point in 
[275] is a pseudo-differential operator with negative definite symbol, and the 
assumptions stated in that paper ensure that this operator is indeed a Feller generator. 
With some modifications of the original argument, we can extract the following 
result. 


Theorem 2.36. Let (X;);zo bea Feller process with generator (A, D(A)) such that 
C?* (IR^) C D(A). If the symbol q(x, E) is continuous as a function of x, and if 
q(x, D) has bounded coefficients, see (2.33), then 


d O Peit] 
—-q(x,&) = 4^ 09 T" lim ——— — — ——. 


t0 t 


It is enough to assume in the above theorem that x > q(x,0) is continuous, cf. 
Theorem 2.30. 


Proof of Theorem 2.36. Let $ € C?? (IR7) be such that lp(oin € $ € 1p(o2) and 
set jx (x) := (x/k) for k € IN. Since dye; € CR”) C D(A), we use (1.38) 
to get 


Tiles (x) — d. (xee(x) = Í AT [pee] ds. 
Observe that res (n) = «(n — €) = k^ $(k (x — £)). Thus, 


Alre) = — J Pumed 
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E J el q(x, nk" $(k(n — &)) dn 
— gi OM a(x kin + E) (N) dn. 


Since q(x, £) has bounded coefficients, we can use Theorem 2.31(a) with K = R? 
and the estimate (1 + |k~'n + |) < (1 + 2|nl? + 21E) < 20 + EDA + Inl) 
for all k > 1, to infer 


|Alprellloo < c, f BODI + Ikn + EP) dm 
< 2eq(1 + EP) f BOIG + InP) dn: 
By dominated convergence we get 


bp- lim Ale eg](x) = —eg(x)q(x, 8) and 


bp- lim T,Aløkes]Œ) = -Tslesq C 810). 


Therefore, 
. e-(x)T;es(x)— 1 ttf 
lim ———* - -lim- | e-¢()Tsleeg(-. ]G) ds = —q(x, 8) 
t>0 t t>0 t 0 
(2.40) 
where we used that q(-, £) € Cj (IR7) in combination with Lemma 1.8. o 


The proof of Theorem 2.36 actually shows that 
t ~ 
Tieg — eg = f T; Aeg ds 
0 


where Aeg = bp-limy—+oo A($s ec). By standard arguments we see that this limit 
does not depend on the choice of the sequence (¢n)n>1, see Corollary 2.11 for the 
constant-coefficient analogue. This shows that (ez, Aeg) € Â, where A, is the full 
generator as in Definition 1.35. 

It is possible to avoid the assumption that q(x, D) has bounded coefficients. 
This was first shown in [285, Sect.2]; here we combine this approach with the 
presentation in [290, Sect. 4]. 


Theorem 2.37. Let (X;);izo be a Feller process with transition semigroup 
(T;)so and generator (A,D(A)). Assume that C&*(IR) C D(A) so that 
Alceequ) is a pseudo-differential operator with negative definite symbol q(x, E); 
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let (I(x), Q(x), N(x,dy)) denote the Lévy triplet of q(x,&) — q(x,0) as in 
Theorem 2.21. 


a) A has a unique extension to C2 (R4), again denoted by A, satisfying 
Au(x) = lim A(u$s)(x) 
noo 


for any sequence ($n )n=1 C CPO (IR7) with Ipon) € $n < 1. This extension has 
again the representation (2.25). 
b) There exists an absolute constant C « oo such that 


| Au(x)| < Cy GO) lulo Vx € R^, ue CPR) where 


(2.41) 
ye) =I.) + Ie f minds D Nea. 


c) CI(R?) c D(A). 
d) A: CPR“) > B(IR^) and x > Au(x) is locally bounded. 
e) A: CZ (R1) > C(R’). 
f) {(u, Au) : u € CRDI CA. 
If q(x, D) has bounded coefficients, then 
g A: CPR?) — B, (Rô). 
h) A: C2 (R7) > CS, R7) and C2 (R!) C D(A). 
i) {(u, Au) : u € CRD} C Â». 
j) {we S'(R®) : à, Au e L'(d£)} 


C fu e S(R4) : (1+ la E)lloo)ê € L'(d£)) C D(A). 


Proof (Sketch). Since the Feller generator (A, C?? (IR^)) has the integro-differential 
representation (2.25), the arguments are very similar to those used for generators 
with bounded coefficients, cf. Theorem 2.7 and its Corollaries 2.9 and 2.11. 


a) This follows as the corresponding assertion from Corollary 2.11. 

b) Write A = L(x, D) + S(x, D) and use the argument leading to the estimate 
(2.14). 

c) Let u € C2(IR7), set K :— supp(u) and denote by je € C£*(IB(0,€)) the 
Friedrichs mollifier, see e.g. [157, p. 31]. Then supp(j. * u) C K + IB(0, €), 
je *u € C£ (IR^), and limo || je * u — ullo) = 0. As all supports are contained 
in the fixed compact set K + IB(0, 1), we can use the estimate (2.41) to infer that 
(Al /n *U])n>1 is a Cauchy sequence if we consider uniform convergence on the 
set K + B(0, 1). Since A(Jiyn * u) € Coo (IR^), we conclude that this sequence 


58/ (IR) denotes the space of tempered distributions (generalized functions), i.e. the topological 
dual of the space of rapidly decreasing smooth functions S(IR4), see e.g. Rudin [259, pp. 173-185]. 
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is a Cauchy sequence in (Cs; (IR^), || - loo). Using the closedness of (A, D(A)) 
we get that u € D(A) and C2(IR^) C D(A). See Schnurr [294, Theorem 3.8, p. 
65] and [295, Theorem 3.7] for details. 

d) Since the extension of A is defined as a limit of measurable functions, it is clearly 
measurable. The local boundedness follows from (2.41) since the coefficient is 
locally bounded as a function of x, cf. Proposition 2.27(d) and Theorem 2.31. 

e) Note that A : C??(IR^) > C(IR4) and that C (IR^) is dense in C2, (IR7) with 
respect to the norm || - |»). Thus, the estimate (2.41) guarantees that for any 
u € C2 (IR?) and any sequence (u,);21 C C?* (R2) with limy—>o0 ||“ — uw; |o) 
the sequence (Au,)n>1 C C(IR^) converges locally uniformly to Au € C(IR). 

f) Sett :— c? :— inf{t > 0 : |X; — x| > r} and pick some $, € C (IR^) such 

that 1p(;5,) € $r € Lear). By Theorem 1.36 and Part (c) 


MH = u(X,) — u(x) — J Au(X,) ds 
[0,t) 


is a martingale for all u € C2(IR^) C D(A). If f € C2R?), then f$, isa 
function in C? (IR); thus Ml = limr-+oo Miser), and optional stopping shows 
that (M}1}) 56 is a local martingale. Therefore, ((f, Af): f € C2(R^) C. 


The assertions (g)-(1) follow analogously, just observe that the constant appearing 
on the right-hand side of the estimate (2.41) is bounded if q(x, D) has bounded 
coefficients, cf. Theorem 2.31. For (h) we can argue as in Corollary 2.9 using the 
closedness of (A, D(A)) and the fact that the closure of C?? (IR^) with respect to 
the norm || - || (2) is just C2, (R2). Finally, the first inclusion in (j) follows from 


&(£)| = c, (Jà(5)| + | Au(é) 


&(&)| < c,Q + JEP) 


)i 


while the proof of the second inclusion is essentially due to the closedness of 
(A, D(A)), cf. [277, Theorem 2.7, Remark 2.8]. Notice that, by the Riemann— 
Lebesgue lemma, i € L! (dE) implies u € Co; (IR?). o 


(1 + suppera |a Cy. €)|) 


Remark 2.38. The spaces appearing in Theorem 2.37(j) are closely connected with 
the Hórmander scale B, (IR^), cf. Hórmander [141, Sect. 10.1, pp. 3-16], and its 
anisotropic counterpart By, p (IR7) introduced by Jacob [157, Sect. 3.10, pp. 207- 
222]. o 


If we combine Theorem 2.37(i) with the technique developed in [285, Sect. 2] 
we can improve the probabilistic formula to calculate the symbol of a Feller process 
from [285, Theorem 2.6]. Recall that, for any stopping time t, we write X7 = X; 
for the stopped process. 


Corollary 2.39. Let (X;);>0 be a Feller process with transition semigroup (T;);20 
and generator (A, D(A)). Assume that CY (Rf) C D(A) so that Alcoocrs) is a 
pseudo-differential operator with negative definite symbol q(x, E). 
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| Lett := t} = inf{s > 0 : |X, — x| > rj be the first exit time from the ball 
B(x,r) of the process started at Xo = x. If x — q(x,£) is continuous, then 


EX (gi AF ~£) — 1 
- q(x, $) = lim d peu (2.42) 
t> 


Proof. Let t be the first exit time from B(x, r). By Theorem 2.37(f) (ez, Aes) € Á, 
ie. 


ez(X7) — eg (x) -f Aes(Xs)ds, tz0, 
[0,tAt) 


is a martingale under P*. Using Proposition 2.27(c) and taking expectations we get 


E* i(Xf—x)&) _ 1 1 
jb it. —e. 4 (x) lim E* G f e DG Dpt) ds) 
t40 t [0.£) ` ` 


to t 
= epe) = —q(x, £) 


(0, [ denotes the stochastic interval {(s,@) : 0 < s < t(w)}) where we used the 
fact that s > q(X,, E) is continuous if s | 0. o 


Remark 2.40. a) Note that the limit (2.42) does not depend on the stopping time 
t7. At first glance this is surprising since the right-hand side of (2.42) should be 
the symbol associated with the stopped process X* = (X7);zo, but the latter is 
not a Markov process: The stopping time t = 1; depends on the initial position 
Xo = x. Thus, the notion of a generator of X* is not defined. 

One could use (2.42) to get yet another proof of the Courrége-v. Waldenfels 
theorem, Theorem 2.21. Let us briefly sketch the argument. Using the positive 
maximum principle we show that |Au(x)| < ca4(x)||ul|oy. A very short direct 
proof is contained in the monograph Hoh [138, Lemma 2.9, pp.18—19].° Since 
E IE" (e/07—95) is a characteristic function, it is continuous and positive 
definite, and the very definition of a negative definite function, Definition 2.14, 
shows that £ +> 1 — IE" (ei Xf 95) is continuous and negative definite (cf. also 
Berg-Forst [24, Corollary 7.7, p. 41]) and so is £ + t^! (1 — E* (e/(97 —9€)). 
The estimate | Au(x)| < c4(x)||u||(2) together with the identity 


b 


— 


t 
Tree — Tien — eg + ey = Í T; A(eg — en) ds 
0 


can then be used to deduce that the limit (2.42) is actually locally uniform in 
£, ie. E ++ q(x, €) is continuous for every fixed x € IR^. Then the “usual” 
Lévy-Khintchine formula implies Theorem 2.21. 

oO 


This follows also from our proof of Theorem 2.21, cf. Proposition 2.27(a), but in the present 
situation this would yield a circular conclusion. 
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2.5 TheSemimartingale Connection 


Remark 2.40 shows that we may use the limit (2.42) not only in connection with 
Feller processes but with any Markov process—provided that the limit exists. The 
following definition is a slight generalization of [285, Definition 2.1], see also 
Schnurr [294, Definition 4.1]. 


Definition 2.41. Let (X;),2o be an R4-valued Markov process. For any starting 
point x denote by t = t* :— inf (t -0:|X,—-x|» r} the first exit time from the 
ball B(x, r). The function q : IR^ x R? — C given by 


E* el (Xf —-x)§ =Í 
q(x, £) := — lim ( ) (2.43) 
t40 t 


is called the symbol of the process, if the limit exists for every x,& € IR? 
independently of the choice of r > 0. 


From the discussion in Remark 2.40(b) it is clear that E bh q(x,&) is negative 
definite; to ensure continuity and a Lévy-Khintchine representation, we need 
further assumptions, e.g. C (IR) C D(A) or similar "richness" conditions, cf. 
Definition 2.47 below. A thorough discussion along these lines can be found in the 
papers by Cinlar et al. [71] and Cinlar—Jacod [70] (from the point of view of the 
general theory of stochastic processes) and in Schnurr [294, 295] (from the point of 
view of pseudo-differential operators). 


Example 2.42. Let us mention a few processes which do admit symbols in the sense 
of Definition 2.41 


a) Lévy processes, cf. Theorem 2.2 and (2.37). 

b) Feller processes, cf. Theorem 2.36 and Corollary 2.39. 

c) Temporally homogeneous jump-diffusion semimartingales which are Markov 
processes (so-called Itó processes), cf. Definition 2.43 and Theorem 2.45 below. 

d) Certain classes of Dirichlet processes, cf. [286]. Consider the pure-jump 
quadratic form defined for u, w € C (IR^), 


1 
E(u, w) = 2 I (u(x + h) — u(x))w(x + h) — w(x)) J(x, x + h) dxdh, 
hz 
with a symmetric jump density j(x, y) = j(y, x) satisfying 


sup f min(|h|?, 1) j(x, x +h) dh < oo, 
R^W0j 


x€m2 


sup / |A| G(x, x +h) — j(x,x — h)) dh < oo. 
0<|h|<1 


x€m2 
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This form can be extended to a Dirichlet form (€, D(€)) and the infinitesimal 
generator is a pseudo-differential operator with the negative definite symbol 


a(x.8) = f (1 —cosh-&)j(x,x +h) dh 
RI\{0} 


ze sinh - £ (jx, x +h) — j(x, x — h)) dh. 
2 JniN() 


e 


wm 


Solutions of Lévy driven SDEs, cf. [285]. Consider the stochastic differential 
equation dX; = $(X7)dY,, Xo = x where (Y;);>0 is a Lévy process with 
characteristic exponent y. If the matrix-valued function ® : R” — IR"*7 is such 
that for every initial value x € IR" the solution (X7 );2o is unique and defines a 
Markov process in IR", then the process (X7);2o admits a symbol and the symbol 
is of the form q(x,£) = w(®(x)'€) for x, £ € IR". This follows from some 
obvious modifications of the arguments in [285]. Hn 


We will see that there is a close connection between (certain subclasses of) 
semimartingales and those processes for which the limit (2.43) exists. Our standard 
reference for semimartingales is the monograph [170] by Jacod-Shiryaev. Recall 
that a (d -dimensional) semimartingale has, relative to a truncation function’ xa 
unique canonical decomposition 


t 
X e Xo + xf + f YDH eds dy) — vds. d) + DU = AX DAK AB 


s<t 


where X€ is the continuous martingale part, B is a previsible process with paths of 
finite variation (on compact time intervals) and the jump measure 


uX(w,ds,dy)= J. Bs ax o (ds, dy) 
S1ÀX,Z0 


with compensator (i.e. dual predictable projection) v(w,ds,dy). The triplet 
(B, C, v) with the (predictable) quadratic variation C = [X€, XC] of X€ is called 
the semimartingale characteristics. 


Definition 2.43. A homogeneous diffusion with jumps is a semimartingale 
(X;)izo whose semimartingale characteristics are of the form 


B= 1(X;) ds, ga} O(X,)ds, v(-,ds,dy) = N(X,,dy) ds, (2.44) 
0 0 


That is x € Bp,[0, 00) such that 0 € 1 — x(s) < x min(s, 1) (for some x > 0) and sy(s) stays 
bounded. 
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where / : IR^ — R? and Q : R? — I^*4 are measurable functions such that 
Q(x) is a positive semidefinite d x d matrix, and N(x, dy) is a Borel transition 
kernel such that N(x, {0}) = 0. The coefficients (/(x), Q (x), N(x, dy)) are called 
the differential characteristics of the semimartingale. 

An Itó process is a homogeneous diffusion with jumps which is also a strong 
Markov process. 


For an example of a (deterministic!) non-Markovian diffusion with jumps we refer 
to Schnurr [296, Example 2.1]. Using the fact that semimartingales are stable under 
pre-stopping? in conjunction with Theorem 2.37(f), one can show that a Feller 
process with C° (IR) C D(A) is a homogeneous diffusion with jumps, cf. [277, 
Theorem 3.5] and Schnurr [295, Theorem 3.9]. 


Theorem 2.44. Let (X;);>0 be a Feller process with generator (A, D(A)). Assume 
that CP? (IR) C D(A) so that A|cæma) is a pseudo-differential operator with 
negative definite symbol q(x, €). Then (X;),zo is an Itó process and its differential 
characteristics coincide with the Lévy triplet (I(x), Q(x), N(x, dy)) of the symbol 
q(x, €) — q(x, 0) (relative to the truncation function x as in Definition 2.43). 


Almost the same proof covers Itó processes, cf. Schnurr [294, Theorem 4.4]. 


Theorem 2.45. Assume that (X;);>0 is an Itó process with differential characteris- 
tics (I(x), Q(x), N(x, dy)) (relative to the truncation function x). If s +> I(X;), 
sb Q(X;) and s > Inest) min(|y?, 1) N(X;, dy) are a.s. right-continuous 
at s = 0, then the limit (2.43) exists and defines the symbol q(x,&) of the 
process. Moreover, £ œ> q(x, €) enjoys for every fixed x € R? a Lévy-Khintchine 
representation with Lévy triplet (I(x), Q(x), N(x, dy)). 


Remark 2.46. Theorems 2.44 and 2.45 show that Feller and Itó processes are 
semimartingales and that the differential characteristics and the x-dependent Lévy 
triplet of the negative definite symbol coincide. This means that /(x), Q(x) and 
N (x, dy) correspond to the drift part, diffusion part and the jumps of the process 
(X;)izo. The measure N(x, B) describes the intensity of jumps originating from x 
and of size B C IR^ \ {0}; therefore, N(x, dy) is often called jump(ing) kernel. It is 
closely connected to the Lévy systems which were introduced by Ikeda-Watanabe 
[145] and further developed by Benveniste-Jacod [22]: A Lévy system is a pair 
(M, A) consisting of a kernel M(x, dy) on IR7 x A(R“) and a continuous additive 
functional A such that 


E X,_, X) lux, zxa | = E* X,_, y) M(X,_, dy) dA, 
PE lix, e) (/ Í, f y) M( y) ) 


holds for all positive f € B; (IR^ x IR^). For a Feller process, cf. Ikeda- Watanabe 
[145] we have M(x,dy) — N(x,dy — x) and A; — t. Playing with different 


*That is for every stopping time t set XP =X luco +X lga. 
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functions f(x, y) and using some stopping arguments, Ikeda- Watanabe obtained 
formulae of the type 


E" (c1: 06, )066,)) = E" ( LÍ «7 MO, Ey dodi) 
0 


for all x € R? and A > 0 (the case A = 0 requires IE* tp < oo) or, in case we have 
P*(X,, € dD) = 0, 
M(y, E) 


P* (fo € E | Xa- = 3) = o Ray By 


VyeD, x e R7. 


Here Tp is the first exit time from the set D, moreover F C D and dist(D, E) > 0. 
E 


Theorem 2.45 is also a special case of the more complicated result by Çinlar 
et al. [71, Theorem (7.16), pp. 211-211]. Let y : R? — C be a continuous 
negative definite function given by the Lévy-Khintchine representation (2.10) 
with Lévy triplet (l, Q, v) and truncation function y. We write V(D) for the 
pseudo-differential operator with symbol y and A, for the unique extension of 
—V (D) to CZ (R4), cf. Corollary 2.11. 


Definition 2.47. A family F C B, (IR^) of functions is called a full class if 
Yr>0,1<j <d Ifi,..., fi € F, g e C?(IR?) such that: 


Yx € BO, r) : xj = g(fiGo..... fa). 


The family F is a complete class if it contains a countable subset Fy C FNC? (IR?) 
such that for every continuous negative definite function y each of the countable 
sets 


{Ay f(x): f € Fo} CR, xem^, 
uniquely determines the Lévy characteristics (7, Q, v) of y (relative to the trunca- 


tion function y). 


Typical examples of full and complete classes are C°°(IR“) or (e; : £ € IR^) and 
any function space containing one of these families. 


Theorem 2.48. Let (X;);2o be a Markov process which is also a semimartingale 
and denote by (A, D(A)) its generator and by A the extended generator. 


a) (X;)izo is an Itó process if, and only if, the family 
{u € B, (RÊ) : Iw € B(R®) such that (u,w) € A} 


is a full and complete class. 
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b) If (Xi)izo is an Itó process, then A|czau) is of the form (2.25). In this case, the 
Lévy triplet and the differential characteristics coincide. 


In fact, there is a variant of Theorem 2.48 which holds for homogeneous Hunt 
semimartingales, but since every Hunt semimartingale is a random time-changed Itó 
process, cf. Cinlar-Jacod [70, Theorem (3.35), p. 207] or [71, Proposition (7.13), p. 
211], we do not include the statement here, but refer to Cinlar et al. [71, Theorem 
(7.14), p. 211]. 

We close this section with a condition that guarantees that a C;,-Feller semigroup, 
cf. Definition 1.6, is a Feller semigroup, ie. maps C..(IR“) into itself. This 
is a partial converse to Theorem 1.9. Note that, mutatis mutandis, the result 
extends to It6 processes which have the C;-Feller property in the sense that the 
associated transition semigroup maps C; (IR^) into itself; we follow [291, Appendix, 
Proposition 4.4]. 


Theorem 2.49. Let (X;);zo be an Itó process (or a Cy-Feller process) and write 
(T,):0 for the transition semigroup and (A, D(A)) for the infinitesimal generator. 
Denote by q(x,&) the symbol of the process and assume that C (IR^) C D(A). 
If the symbol satisfies 


lim sup sup |q(x,&)| = 0, (2.45) 


7799 xl, |é|<1/r 


then T, : Coo (IR^) > C44 (R2). 
If (Xi)izo is a Cp-Feller process, (2.45) ensures that (X;);zo is also a Feller 
process. 


Chapter 3 
Construction of Feller Processes 


So far we have studied necessary conditions for an operator (A, D(A)) to be the 
generator of a Feller process and we will now discuss sufficient conditions. Unless 
otherwise mentioned, we will assume throughout this chapter that E = Rê. 
We have seen in Corollary 2.23 and Theorem 2.21 that a Feller generator A is a 
pseudo-differential operator with negative definite symbol if C&* (R4) C D(A), i.e. 


Au) =— [és Di dE. vue CPR) 


and € > q(x,£) is a continuous negative definite function which has 
Lévy-Khintchine representation (2.32) with x-dependent Lévy triplet (/(x), Q(x), 
N(x, dy). 

If we want to construct a Feller generator A it is, therefore, reasonable to 
assume that A is defined on the test functions C?* (IR^); consequently, Al coors) 
is a pseudo-differential operator with negative definite symbol. We will make this 
assumption throughout this chapter. 

If A is an operator with constant coefficients, i.e. if q(x, £) = w(€&) and the 
Lévy triplet (J, Q, v) does not depend on x, the corresponding Feller semigroup 
is translation invariant and the associated stochastic process is a Lévy process 
(with killing), cf. Sect. 2.1. In this case there is a one-to-one correspondence 
between continuous negative definite functions y, Lévy triplets (7, Q, v) and Feller 
semigroups and processes. This means, in particular, that any constant-coefficient 
generator A with a continuous negative definite symbol y(&) will generate a 
translation invariant Feller semigroup and a Lévy process (with killing). 

For variable coefficients this is not any longer the case, and it is an important 
question under which conditions (either for q(x, E) or (I(x), Q(x), N(x,-))) the 
operator A = —q(x, D), defined on C?? (R^), has an extension which is a Feller 
generator. Unfortunately, this is not always the case, see Example 2.26. 

In the following sections we review various methods to construct Feller semi- 
groups or processes if the generator Alcee (m4) is given. Most constructions are quite 
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technical, and we do not attempt to present proofs; we will, however, give precise 
references to the literature and try to explain the key ideas behind each approach. 
All constructions differ in methods and assumptions, and there seems to be no 
all-embracing, general approach. Worse, it is often unclear how the assumptions 
needed for the various approaches relate among each other. 


3.1 The Hille-Yosida Construction 


The starting point for most “analytic” approaches to constructing Feller semigroups 
is the Hille-Yosida-Ray theorem, Theorem 1.30, which we recall here for further 
discussions. 


Theorem 3.1 (Hille-Yosida-Ray). Let (A, D) be a linear operator on Cos (IR ). 
(A, D) is closable and the closure (A, D(A)) is the generator of a Feller semigroup 
if, and only if, 


a) D C Coo (IR?) is dense; 
b) (A, D) satisfies the positive maximum principle; 
c) (A — A)(D) C Cs, (R^) is dense for some (or all) à > 0. 


In order to apply Theorem 3.1 we have to verify the conditions (a)-(c). 
The first two conditions are met in most applications; for instance, Condition (a) 
is automatically satisfied if we require that C° (IR^) C D. Condition (b) is then a 
structural assumption: If A is a pseudo-differential operator, it is equivalentto saying 
that the symbol q(x,£) is, for every x € Rf, a negative definite function. This 
follows directly from Theorem 2.21. It is the third condition which is troublesome. 
If A = —-q(x, D) and D = C? (IR? ), say, it means that we have to solve the 
following pseudo-differential equation 


Au(x) + q(x, Dyu(x) = f(x) (3.1) 


for all right-hand sides f from a dense subset of Co; (IR^) and with u € C (IR4). 
A possibility to approach this problem is to analyse the mapping properties of the 
operator q(x, D) within the scale of L?-Sobolev spaces: 


W?^(R^) = {we S (RÀ) : fulws» « oo), — lullwso = Y, lV^ulz». Q.2) 


la| x3 


We begin with a classical result for local operators and diffusion processes which 
we take from the monograph by Jacob [158, Theorem 2.1.43, p. 47]. 


Theorem 3.2. Let A be a second order differential operator 


Du 3u d Qu 
Aue) ^ 5 2, aac a @) + 2, Mg, CO + e(x)u(x) 


jk=1 


3.1 TheHille-Yosida Construction 71 


with variable coefficients qik = qkj € CR), lj € C2 (R^) and c € Cc (IR@) such 
that c(x) € 0 for all x € IR. Assume that A is uniformly elliptic, i.e. there exists 
some Ao > 0 such that 


d 
Aol€l? < A quG)Ej&  Vx,&£ e Ra. (3.3) 


jk=1 


Then the operator (A, W*?(IR“)) extends for p > d to a generator of a Feller 
semigroup. 


The proof uses two standard ideas. The first is, that for elliptic operators inverses 
(at least in some sense) exist, and thus one can solve the associated Poisson equation 
(3.1) in the scale W™?. Then, in a second step, one uses Sobolev’s embedding 
theorem W"?(IR7) — CERD) for (m — k)p > d, cf. [158, Theorem 2.1.12, 
p. 24], to ensure that (3.1) is solved for all right-hand sides f from a dense subset 
of Cx (IR?). 

Theorem 3.2 only includes local operators, i.e. it corresponds to diffusion pro- 
cesses with continuous paths, cf. Theorem 1.40 and Corollary 1.42. For processes 
with jumps one has to consider integro-differential operators. The following general 
result which allows discontinuous coefficients, but only treats processes on bounded 
domains can be found in Taira [314, Theorem 1.2]. 


Theorem 3.3. Let E C R^, d > 3, bea bounded convex set with boundary of class 
C. Define 


Au(x) — LY agi 0) + DEO OD HOO) 


2 el 


nen Ye w(x) stes dp. 


where lj,c € L® (E) with c(x) € 0 a.e., qu e VMO N Lg. dik = qxj a.e. 
and a family of Borel measures (s(x,dy))yeg C MU (E). Assume that there exists 
some À > 0 such that 


! VMO is the space of functions with vanishing mean oscillation: 


vo =| f € 14,00 : sup fller < 00, Him M = 0} 
r> m 


1 
Ifl. = -u e| 
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d 
ATHEP € M gaté € AEP foralmostall x € E andall& € R^, (3.4) 
jk=l 


and that x > s(x, B) is Borel measurable for each Borel subset B C E, 
s(x,{x}) = 0 for all x € E and for every small € > Q there exists a bounded 
function ® such that 


sup f ly ^xPs(x,dy) < ®(e) and lim (e) = 0 
DEE :|y—x|<e} card 


xeE 


and 


sup f T |y — x| s(x, dy) < oo. 
x€E J{yeE:|y—x|>e} 

Then (A, {u € W?^(E) n Co (E) : Au € Coo(E)}) ford < p < oo is the 
generator of a Feller semigroup on Cx (E) = C(E) = C, (E). 


The proof of Theorem 3.3 requires (3.4) i.e., A has a non-degenerate, uni- 
formly elliptic second-order diffusion part 1 RE dik (x) zx: this means that 
A behaves like the Laplacian and that the non-local jump part can be treated 
as a (lower-order) perturbation. This strong non-degeneracy assumption appears 
frequently in the literature, for example in Taira [313], Stroock [309] (see also 
Theorem 3.23) and in the more analytical literature e.g. Bensoussan—Lions [20,21] 
or Garroni—Menaldi [120]. 

In order to construct pure jump processes, i.e. processes with degenerate 
diffusion part or no diffusion part at all, we need different techniques. The main 
problem is that there is no dominating second-order principal part. One way out is 
to develop for the corresponding operators a symbolic calculus which captures their 
mapping properties within a scale of certain fractional or even anisotropic Sobolev 
spaces. The main result based on this approach is stated in Jacob [158, Theorem 
2.6.9, p. 133] and it is due to Hoh [138, 137]. Here we present a slight extension 
of it for complex valued symbols which can be found in [39, Theorem 2.2.25]. 
Observe that —q(x, D) is not a classical pseudo-differential operator in the sense 
of Hórmander [143], see also Kumano-go [194] and Lemma 2.18. Therefore, we 
cannot employ the usual symbolic calculus for pseudo-differential operators. 


Theorem 3.4. Let y : IR^ — R be a continuous negative definite function such 
that for every a € INd there exists a constant Cia; Z 0 such that 


|o] ^2 


[Ved + VE) S cal rv)" ? VEER! (3.5) 


and, for some constants co, ro > Q 


PE) = coylél’ YEER. (3.6) 
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Assume that q : R! x IR^ — C is a C®-function such that for every x € R^ the 
function £ +> q(x, E) is continuous and negative definite, and that for alla, B € Në 
there exist constants Ca p Z 0 such that 


a — lel^2 
VEVE E| < cap HYE E Yx g e R^ 
and for some 6 > 0 


Req(x,£) > 6(1+ v(E))  V|E| > 1, x e RY. (3.7) 


Then (—q(x, D), CPO (IR) is closable and the closure is a Feller generator. 


The idea behind the proof of Theorem 3.4 is to replace the classical Sobolev 
and Bessel potential scale W*? (IR) by a scale of anisotropic spaces which are 
determined by the fixed reference function y. 


HY*(R^) = {u € S'QR^) : I0 + YD) Pull < oo] (3.8) 


(if we take Y (E) = |&|?, we are back in the classical scales). For a detailed account 
on these anisotropic Bessel potential spaces we refer to Jacob [157, Chap. 3.10, pp. 
207—222] for p = 2 and, in an L? setting, to Jacob [158, Chap. 3.3, pp. 270—300] 
and Farkas et al. [104, 105]. 

In this framework, (3.7) can be seen as an ellipticity condition, and the minimal 
growth condition (3.6) for the reference function y ensures that we have an 
embedding H jS "(IR ) — CE (R$) if s - p is sufficiently large. Still, the operators 
considered in Theorem 3.4 have a fixed order (determined by the reference function 
V). For operators with variable order, one has the following result of Hoh [138, 
Theorem 7.1] (for symbols in classical symbol classes we refer to Kikuchi-Negoro 
[181]. 


Theorem 3.5 (Hoh). Let w(&) and q(x,&) be as in Theorem 3.4. Furthermore, 
assume that q(x,£) is real valued, and m : IR — (0,1] is a C®-function with 
bounded derivatives such that 


1 
sup m(x)— inf m(x)< — and inf m(x)>0. 
xeR¢d x€mR4 2 xEeRi 


Then 
p(x, £) = q(x, £)"? 


is a negative definite symbol, the operator (— p(x, D), C£? (IR4)) is closable and the 
closure is a Feller generator. 
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The proof of this result uses techniques for degenerated elliptic operators and 
sectorial forms,” cf. Kato [173, VL2]. For the latter the restrictions on m are 
essential. In Sect. 3.5 below we will see how we can relax these assumptions by 
the use of the martingale problem. 


The Role of Smoothness. Let us briefly discuss the smoothness requirements on 
the symbol. As we have mentioned, classical symbol classes require smoothness 
and decay of the derivatives of the symbol (x,£) > q(x,&), both in x and 
E. If we assume this for a negative definite symbol q(x,$), we can use the 
standard Hórmander symbolic calculus to construct Feller processes see, e.g. 
Boyarchenko-Levendorskií [50,51] and Barndorff-Nielsen—Levendorskii [13]. This 
approach is somewhat unnatural since, at least in the co-variable &£ +> q(x,£), 
negative definite symbols are, in general, only continuous. Even if we enforce C ??- 
smoothness in £, e.g. by cutting the support of the Lévy measure, we will not be able 
to observe the usually required decay improvement for classical symbols (think of 
the derivatives of homogeneous functions, say): Lemma 2.18 clearly shows that only 
the first two derivatives will contribute towards a decay. 

Jacob [153, Theorem 5.2] considers negative definite symbols which are con- 
tinuous in € and q times differentiable in x where q = q(d) is a multiple 
of the space dimension d. If x > q(x,£) — q(xo, £) is small (in a suitable 
sense)—here xo is fixed and q(xo, £) is then the characteristic exponent of a Lévy 
process—then (—q(x, D), C&*(IR7)) has a closure which is a Feller generator. 
Using the martingale problem and stopping techniques, Hoh [136] could localize 
the oscillation condition; in fact, he proved that the existence of some solution to the 
martingale problem only requires continuity in (x, £), while it is the well-posedness 
(hence, the uniqueness of the process and the Markov property of the process) that 
needs more assumptions, see also Theorem 3.24 below. Hoh's symbolic calculus 
approach, cf. Theorem 3.4, requires C??-smoothness in x and &; with a suitable 
truncation technique for the Lévy kernel, see Lemma 2.18, we can reduce this to 
C^?-smoothness in x, if we use the perturbation technique from Hoh [138, Sect. 
6.6] and [139]. Potrykus [239, 240] gives a very careful analysis of the degree of 
smoothness in x which is really needed in Hoh's symbolic calculus. 


3.2 Stochastic Differential Equations (SDEs) 


For probabilists there is a natural, path-by-path construction for stochastic pro- 
cesses: Stochastic differential equations (SDEs). In our setting, one typically shows 
that a given SDE has a solution and that this solution is in fact a Feller process. 
Sometimes it is helpful to understand x +» X; (the superscript indicates the 


?]n the theory of Dirichlet forms these are also called coercive closed forms, cf. Ma-Róckner [210, 
12.3]. 
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starting point Xo = x) as a stochastic flow and to study its smoothness properties; 
for diffusions the classic reference is Kunita's monograph [195] and its recent 
counterpart [196] for Lévy-driven SDEs. Our standard references for jump-type 
SDEs are the monographs by Ikeda-Watanabe [146, Chap. IV.9, pp. 244—246], Situ 
[302] and Protter [243]. We begin with some classical results from the theory of 
diffusion processes. Consider the SDE 


with initial condition Xy; = x, x € R? and a d-dimensional Brownian motion 


(W,);zo as driving noise. The coefficients / : R^ > R? and o : R? — R?” are 
such that 


IG) -IOP + lo) — oO)? < Lx- y? (3.10) 
OP + Joy? < M*Q + |x)? (3.11) 
for some constants L and M; | - | is any vector or matrix norm. Usually (3.10) 


is called Lipschitz condition and (3.11) is called linear growth condition. Note 
that (3.10) Gif the constant L does not depend on x, y € R^) implies (3.11), see 
also (3.17) and (3.18) below. The following is a basic result in this context, see for 
instance [284, Theorem 19.9, p. 306]. 


Theorem 3.6. Assume that the Lipschitz condition (3.10) holds for all x, y € IR? 
with a global Lipschitz constant L. Then the SDE (3.9) has for each initial value 
x € R^ a unique solution (X;);>0. Moreover this solution is a Feller process with 
symbol 


qx.) = ila) E+ 58 OWE G.12) 


where Q(x) = o(x)o ! (x). 


The converse problem, whether for a given symbol (3.12) with variable coefficients 
l(-) € R? and positive semidefinite Q(-) € IR* a corresponding process exists 
has no straightforward answer. Although we can write down the SDE (3.9) since 
we may define o(x) € IR*7 as the unique positive semidefinite square root of 
Q(x) € R^*4, it is by far not clear whether this SDE can be solved. One possibility 
is to impose conditions on Q(x) such that o (x) is Lipschitz, e.g. we could require 
that Q(x) is globally Lipschitz continuous and uniformly positive definite, see [284, 
Corollary 19.11] for a very simple proof of this; the following more general result 
is from Ikeda-Watanabe [146, Theorem 6.1, Proposition 6.2, p. 215] or Stroock- 
Varadhan [312, Chap. 5, pp. 122-135]. 


Theorem 3.7. Let q(x, €) be a symbol of the form (3.12) where x +> I(x) € R? 
is globally Lipschitz continuous and x œ> Q(x) € R^*^ is of class CPR?) 
such that Q(x) is for every x € IR? a positive definite matrix. Then there exists 
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a Feller process with continuous sample paths such that the generator (A, D(A)) is 
a second-order differential operator with the symbol q(x, £). 


In the SDE setting (strong, i.e. pathwise) uniqueness plays a major role. This is a 
quite restrictive assumption, and Stroock and Varadhan developed the martingale 
problem approach to cope with situations where we only have uniqueness in the 
sense of finite-dimensional distributions. A short discussion is given in [284, pp. 
309-310], the ultimate reference is the monograph by Stroock—Varadhan [312]. 
The martingale problem is briefly discussed in Sect. 3.5 below. 

Since constant drift and Brownian motion are both Lévy processes, Theorem 3.6 
is a special case of the next result, taken from [285, Sect. 3], which allows the 
construction of jump processes. 


Theorem 3.8. Let ® : IR — R?” be locally Lipschitz continuous and bounded, 
and let (L;):>0 be an n-dimensional Lévy process with symbol y : R” — C. Then 
the solution of the SDE 


exists for every initial condition Xọ = x € R? and yields a Feller process with 
symbol q(x, E) = y (9 (x)£). 


The boundedness of the coefficient is mainly needed to ensure that the strong 
solution of the SDE (3.13) is a Feller process. If ® is not bounded and if the SDE 
admits a strong solution (e.g. if satisfies a local Lipschitz and linear growth 
condition), then (X;);2o is still a semimartingale admitting a symbol in the sense 
of Sect. 2.4, cf. [285, Theorem 3.1]. 


Example 3.9. Let q(x,€) = a(x)|E|* + ib(x)-& x, £ € R^, where 0 < o < 2 and 
a: R? — R and b : IR — R? are bounded and Lipschitz continuous functions 
such that a(x) > 0. Then Theorem 3.8 guarantees the existence of a Feller process 
with generator A|cosga, = —q(x. D). Indeed, let (L7);2o be a d-dimensional 
rotationally symmetric o-stable Lévy process and consider the d + 1-dimensional 
Lévy process (L;, t)". Let (x) be ad x d diagonal matrix with diagonal entries 
a(x)!/*. Then the SDE 


dX, — eoaa(7) Xo =x 


yields a Feller process with the symbol q(x, £) = a(x)|&|* + ib(x) - £. o 


The symbols appearing in Theorem 3.8 have a special multiplicative form. To 
generalize the construction principle, we note that every Feller process (X;);>0 
living on the whole space, i.e. without boundary terms, is the solution to an SDE. 
We will explain this based on the exposition in [46, Sect. 3]. 
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Assume that we have a Feller process (X;);2o with the symbol 
. 1 
q(x, £) = —il(x) -E + 5E: OE 
+f etit yio Ned). G4 
R4\{0} 


Then by [294, Theorem 3.14], see also Sect.2.5, (X;);>0 is an Itó process in 
the sense of Cinlar et al. [71], i.e. it is a strong Markov process which is a 
semimartingale with respect to every P* and its semimartingale characteristics 
relative to the truncation function x(y) :— 1joj(|y]) are 


B, (@) = [ 1(X;(@)) ds, 


C;(@) =| Q(X;(o)) ds, 
v(@, ds, dy) = N(X;(o), dy) ds. 


By Cinlar-Jacod [70, Theorem 3.33] there exists a suitable enlargement of the 
stochastic basis, the so-called Markov extension, denoted by 


(2, F, (iuo, Gio; P^) 


xeR? 


such that the process (X;);zo is the solution of the following SDE: 
t t N 
X =x «f l(X,—) ds +f o(X;_) dW, 
0 0 
t 
+ | 1 k(Xs—, Dlie, en (AC ; ds, dz) — ds 0(dz)) 
0 JR\{0} 


t 
+f f k(Xs—, DA ex, 11) HC; ds, dz) 
o JRMO0) 


where (W,)izo is a d -dimensional Brownian motion, ji is a Poisson random measure 
on [0, 00) x (IR \ (03) with compensator (or dual predictable projection) dt v (dz). 
The functions o : IR^ — IR7*4 and k : R? x (IR V {0}) > IR? are measurable and 
satisfy 


V(k(X, (o), ©) € dy) ds = v(w, ds, dy) (3.15) 


IP" -a.s. for every x € IR on the Markov extension, cf. Cinlar-Jacod [70, Equation 
(3.9), remark after Theorem 3.7]. Furthermore, by changing the truncation function 
and setting /(x) = I(x) — Jero k(x,z) (Likes —lqgjen) P(dz), the process 
solves the SDE 
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x=x+ | i-as + f o (X, ) dW, 
0 0 
+f] k(X,—.z) (ŭ(; ds, dz) — ds v(dz)) (3.16) 
0 J0<|z|<1 


t 
" 1 k(X,.. 2) fi C: ds, dz). 
0 J|z|»1 


Thus we have shown the following result. 


Proposition 3.10. Let (X;);zo be a Feller process with generator (A, D(A)) such 
that C (IR) C D(A) and Alceequs) is a pseudo-differential operator with 
negative definite symbol q(x, €) given by (3.14). Then (X;),zo is a solution of the 
SDE (3.16). 


Assume now that an SDE of the form (3.16) is given. The standard conditions in 
order to solve such a jump-type SDE are again (local) Lipschitz and linear growth 
assumptions 


IG) — 10)? + lox) ^ oy)? + ikea —k(y, 2) v(dz) < L’|x — yl’, 
MESI 


(3.17) 
NONE + lo GO? + J k(x, 3I $(42) < M2(1 + [xN 


(3.18) 


The problem is that the relation (3.15) of the pullback k and the measure v is a 
mere existence statement. In most cases, it is not possible (or at least not trivial) 
to deduce any smoothness property of k, given the symbol of the generator; the 
converse problem, to get information on the smoothness of the symbol from a given 
k, is also not simple. In both cases we refer to the discussion in Tsuchiya [326]. 
Based on this we close this section with a result that anticipates Sect. 3.5: A solution 
to the martingale problem, formulated in terms of the coefficients in the SDE (3.16), 
cf. Stroock [311, Theorem 3.1.26, p. 92]. 


Theorem 3.11. Let v be a Lévy measure on R, ? and assume that k : R^ xR > R? 
is Borel measurable such that 


a)k(x,0) 20 Vx e R^, 


3Stroock [311, Theorem 3.1.26] considers multidimensional Lévy measures, but for Feller 
processes it is sufficient to consider v on IR V {0}, cf. (3.16). 
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b) dim sup (1+ [x]? / kaa (dz) = 0, 
U B(O,r) 


r40 veRd 


c) sup (1+ kp? f |k(x,z)|? (dz) «oo VR>O, 
B(0,R) 


xeR? 


d) sup |x — yl? f |k(x,z) — k(y, ^ (dz «oo VR» 0, 
xy B(O,R) 


ando : IR — R*4 andl : R? — R are continuous such that 


max(|o (x) — o (y)|, |/(x) — 1(y)D) 
sup « oo 
xy [x m y| 


Then for any starting point x € IR? there exists a solution to the martingale problem 
(see Sect. 3.5) for the operator (—q(x, D), e (IR¢)) with the symbol 


—il(x)-£ seowotwet f (1— 6695 4 i£. k(x, 2) 10,4 (zl) v(dz). 


3.3 Dirichlet Forms 


Dirichlet forms are a powerful tool in order to characterize and construct Markov 
processes. In contrast to the Feller setting, Dirichlet forms are defined on the space 
L?(E, m), and the transition semigroups are strongly contractive sub-Markovian 
semigroups on L?(E, m) where (E, B(E), m) can be a rather general (even infinite- 
dimensional) measure space. We assume that m has full support; as a consequence, 
| - \lzeoqmy) coincides with the usual (ess)sup-norm || - ||oo. We will consider 
only locally compact, separable metric spaces E and quite often E C R. Our 
standard references for (symmetric) Dirichlet forms are the monographs [118] by 
Fukushima-Oshima- Takeda and [210] by Ma-Róckner. For semi-Dirichlet forms 
we refer to the recent monograph by Oshima [235] which extends his Erlangen 
lecture notes [234]. 

A Dirichlet form is a densely defined, positive and symmetric bilinear form? 
€ : D(£) x D(E) > R on L?(E, m) which satisfies for u € D(£) 


(D(&). | - lle) is complete, where [ull := E(u, u) + llull r2 on) (closed) 


w :— (0v u) A1 € D(E) and £(w,w) x E(u, u). (Markovian) 


As usual, we write Ex (u, w) :— E(u, w) + À (u, w) L2{m) for all A > 0. 
A regular Dirichlet form satisfies additionally 


"That is D(£) C L?(E, m) is dense, E(u, w) = E(w, u), E(u, u) = 0 and u — E(u, w) is linear. 
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D(E) N C. (E) is dense both in (D(€), || - le) and (C: (E), ||- loo). (regular) 


From the above definition it is not hard to see, cf. [210], that a Dirichlet form 
automatically satisfies for all u, w € D(E) 


Jk 0 : [£i w)? x «K E (u, u) £i (w, w), (weak sector condition) 


E(u—w,u+w) = 0, 
wi=(0OVu)AleD(E) and (semi-Dirichlet) 
E(u + w,u — w) = 0. 


A densely defined, closed (but not necessarily symmetric) bilinear form sat- 
isfying the weak sector condition and the semi-Dirichlet property is called a 
non-symmetric Dirichlet form; if only one of the semi-Dirichlet conditions is 
satisfied, € is a semi-Dirichlet form. Obviously, any Dirichlet form is also a semi- 
Dirichlet form. 

There is a one-to-one correspondence between Dirichlet forms and strongly 
continuous symmetric operator semigroups (7;);>9 on L?(E,m), cf. Fukushima- 
Oshima-Takeda [118, Theorem 1.4.1]. If (A, D(A)) is the infinitesimal generator? 
of the semigroup (7;);zo. then A is a (spectrally negative) self-adjoint operator, 
D(A) C D(E) = D((—A)!/?) and 


E(u, w) = (Au, Ww)r2m) Vue D(A), we DE). (3.19) 


In particular (A, D(A)) and (€, D(E)) are in one-to-one correspondence. Recall that 
the semigroup (7;);2o is called Markovian, if for all u € L?(E, m) withO <u <1 
we have 0 < T,u < 1. The Markov property of the semigroup and the semi-Dirichlet 
property of the form are equivalent to the fact that A is a Dirichlet operator, i.e. 


(Au, (u—1)*);2¢n) <0 Vue D(A) (3.20) 


cf. Bouleau-Hirsch [49, Sect.L3, pp. 12-16] for the symmetric case, and 
Ma-Rockner [210, Proposition 1.4.3, p. 31] and Jacob [157, Sect. 4.6, pp. 364— 
382] or [281] for the general case. The connection of Dirichlet operators and the 
positive maximum principle is discussed in Remark 1.29. 

Every regular Dirichlet form is given by a Beurling-Deny representation, cf. 
[118, Theorem 3.2.1, p. 108 and Example 1.2.1, p. 6]. 


Theorem 3.12 (Beurling-Deny). Let (€, D(€)) be a regular Dirichlet form. Then 
it has for u,w € D(E) n C. (E) the following Beurling-Deny representation 


5 AII notions are, mutatis mutandis, to be understood in the space (L? (E, m), || + || :2@) instead of 
(Ces CE). || + eo); they are essentially analogous to those of Sect. 1.4. 
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E(u, w) = €© (u, w) «f u(x)w(x) k(dx) 
E 
+ ff eco -vo»eco-»o»J44) — 20 
E\diag 


with a strongly local? Dirichlet form €© with domain D(E) = D(€) n C.(E), 
a symmetric measure J € M*(E x E \ diag) and k € M* (E); moreover, £O, J 
and x are uniquely determined by €, and vice versa. 

If E C RÀ, then 


£O (u, w) = 3 o Que TV vie(dx) Wu,w € CP (E) (3.22) 


where vy € Mt+(E) such that for every compact set K C E the matrix 
(vi CK))5 a1 is positive semidefinite. Moreover, the jump kernel satisfies 


I min(|x — y^, 1) J(dx, dy) < oo 
KxE\diag 


for every compact set K C E. 


For non-symmetric Dirichlet forms the analogue of the Beurling-Deny formula 
has been studied by Hu-Ma-Sun [144], see also Fukushima-Uemura [117] for a 
different approach, as well as [288]. Note that every regular (symmetric) Dirichlet 
form enjoys a Beurling-Deny representation, but not every quadratic form given by 
(3.21) gives a Dirichlet form, see e.g. [286, Theorem 1.1]. This is similar to the 
situation which we have discussed at the beginning of Chap. 3: Every Feller process 
(whose generator has a sufficiently rich domain) has a negative definite symbol, but 
not every negative definite symbol yields a Feller process. As for the generators, the 
constant-coefficient setting is different. 


Example 3.13. Let (T;);>0 be a translation-invariant Feller (i.e. convolution) semi- 
group, cf. (2.8), with real-valued symbol y : R? — R. Then (T;);zo can be 
extended to a strongly continuous, symmetric semigroup in L?(dx), see e.g. [282]. 
Moreover, on C? (IR“) the L?-generator and the Feller generator coincide, and the 
corresponding Dirichlet form is given by 


tw) f WOAH AE vwwecmm). 62 


That is E(u, w) = 0 whenever u, w € 'D(£(?) and w is constant in an open neighbourhood of 
supp(u). 
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The space C£? (IR^) is a core for the form and the generator. Thus we have a 
Beurling-Deny formula given by 


Oe 3r f= du(x) Dads 


2 «a 1 Rd 


Ii (u(x + h) — u(x))(w(x + A) — w(x)) v(dh) dx 


IR xR¢ \diag 


where (0, Q, v) is the Lévy triplet of the continuous negative definite function y. 

In this case we do have a one-to-one relation between symmetric! Lévy pro- 
cesses (X;);>0, real-valued continuous negative definite functions w, Lévy triplets 
(0, Q,v) and constant-coefficient Dirichlet forms where the Beurling-Deny rep- 
resentation is as above. For details we refer to Fukushima-Oshima- Takeda [118, 
Example 1.4.1, p. 29] and Jacob [157, Example 4.7.28, pp. 407—409]. 

Berg-Forst [23] show that (3.23) defines a non-symmetric Dirichlet form if, and 
only if, y : IR^ — C is the symbol of a (non-symmetric) Lévy process satisfying 
the sector condition, i.e. | Im V (£)| < x Re y (€) for a constant x and all £ € R. 

oO 


The basic relation of (symmetric) Markov processes and regular (symmetric) 
Dirichlet forms is the following result which we quote from Fukushima-Oshima- 
Takeda [118, Theorem 7.2.1, p. 302]. 


Theorem 3.14 (Fukushima). Let (€,D(E€)) be a regular (symmetric) Dirichlet 
form on L?(E, m) with semigroup (T;);>0. Then there exists a Hunt process? with 
state space E such that the transition semigroup (P;)izo of the process is symmetric 
in the space L?(E,m) and P,u is, for all u € C,(E) a quasi-continuous version of 
Tiu. 


Among the pioneering works in the study of symmetric Markov processes and 
their study via Dirichlet forms are the monographs by Fukushima [113] and 
Silverstein [301]. Theorem 3.14 has various extensions to non-symmetric quasi- 
regular Dirichlet forms (Ma-Róckner [210, Theorem 3.5]), semi-Dirichlet forms 
(Ma-Overbeck-Róckner [211]), and lower bounded forms (Fukushima-Uemura 
[117]). Let us point out that the notion of quasi-regularity of a Dirichlet form is 


"That is X, has the same law as — X;; this is equivalent to y being real-valued. 

8A Hunt process is a strong Markov process (X;,.7;);zo with respect to a right-continuous, 
complete filtration and life-time €(w); moreover, t > X, (œ) is a.s. right-continuous on [0, oo), 
has left-hand limits on (0, £(c)) and is quasi-left continuous on [0, co). 
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necessary and sufficient for the existence of a (m-special standard?) strong Markov 
process, cf. Ma-Overbeck-Róckner [21 1, Theorems 3.8, 3.9]. 

The connection between Feller processes and Dirichlet forms is not straightfor- 
ward, unless we are in the constant-coefficient case discussed in Example 3.13. 
The general case requires deep results from probabilistic potential theory. This is 
beautifully explained in Fukushima-Oshima- Takeda [118, Introduction to Chap. 7, 
p. 292]: 

In general, it is hopeless to construct a Feller transition function from the L?-semigroup T; 


associated with the given Dirichlet space [i.e. the Hilbert space (F, ||-|| £) where F = D(E) 
and ||ul|% = E(u, u)]. However, if the Dirichlet space is regular, then the potential theory 


[...] provides us with quasi continuous versions T; f and a sequence t, | 0 such that 


T, fx) — f(x), n — oo, q.e., [quasi everywhere] for sufficiently many f. Going along 
a similar line as in the case of the Feller transition function, but ignoring successively the 
sets of capacity zero on which things might go wrong, we finally get a Hunt process outside 
some set of capacity zero. 


Let us begin with the (slightly easier) converse problem, as to whether a Feller 
process gives a (semi-)Dirichlet form. The following result is a special case of the 
situation discussed in Sect. 1.5. 


Proposition 3.15. Let (T;);zo be a Feller semigroup with generator (A, D(A)), let 
D c D(A) n L?(m) be a dense subset in (Cos (IR^), || - loo) and (L2 (m). ||- lr20) 
such that A(D) C L? (m), and assume that T; |p is symmetric in L? (IR^), i.e. 


(T, fU) p20) = (S Tuem  V fue D. 


Then the operators T, |; have extensions to contractions T, : L? (m) — L? (m) and 
(T;):+0 is a strongly continuous sub-Markovian contraction semigroup in L?(m). 
Its generator (AO, D(A)) satisfies D C D(AO) and A|p = A |. 

Moreover, there is a Dirichlet form (€, D(£)) with generator (AO , D(AO)) and 
semigroup (T® )iso. 


Proof. We have |(T; fwr < Iliw lulo < Ilzi lulo for all 
u, f € D. This shows that T;|p has an extension to a contraction operator 
T, : L'(m) > L! (m) and (T))iz0 is a strongly continuous contraction semigroup 
of sub-Markovian operators on L! (m). By interpolation, there is a further extension 
(r? )izo of T;| which is strongly continuous on L? (m) (and on all spaces L? (m), 
1 < p < œ); for details we refer to [104]. 

If f € D andu € L? (m), then we get 


lim (amr xri HU) izom) = lim (01 (T, f =f), u) 124m) - (4f. OPETE 


?This means essentially: Càdlàg and quasi-left continuous up to its life-time for all initial 
distributions Xo ~ y. 
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Since D C D(A) and T; |p = p |D, we can use Lemma 1.26 to get 


1 t 
f T,Af ds 
t Jo 


Thus, Au is for u € D the weak limit of t~! (T; u — u), cf. Yosida [354, Theorem 
V.1.3, p. 121]. From the standard weak generator equals strong generator theorem 
(e.g. Pazy [236, Theorem II.1.3, p. 43]) we conclude that D C D(A®) as well as 
Alp = A9). 

Since there is a one-to-one correspondence between strongly continuous sym- 
metric sub-Markovian contraction semigroups and Dirichlet forms, cf. the paragraph 
before (3.19), the last assertion is clear. oO 


1 


M t 
iit =f < al | TO AS Ee ds < WAS Lio 


t 


L2 (m) L2 (m) 


The following result, taken from Jacob [154, Sect. 2], extends this to the non- 
symmetric case. For the definition of a Dirichlet operator we refer to Remark 1.29 
and (3.20). 


Theorem 3.16. Let (A, D(A)) be the generator of a Feller process and D C D(A) 
be a dense subspace of L? (IR?). If A|z extends to a generator A” of a strongly 
continuous contraction semigroup on L^ (IR^) such that the set (A — A®)~!D is 
an operator core, then AO is a Dirichlet operator, the corresponding semigroup is 
sub-Markovian, and E(u, v) :— (Au, v) pj» can be extended to a semi-Dirichlet form. 


Now we turn to the problem to construct a Feller process using Dirichlet forms. 
We have seen in Theorem 3.14 that every regular Dirichlet forms defines a Hunt 
process. Although every Feller process is a Hunt process, see [118, Theorem A.2.2, 
p. 315], the converse does not hold in general. Thus, to construct Feller processes 
via Dirichlet forms, one has to overcome some difficulties: 


(a) starting from a negative definite symbol q(x, £) with x-dependent Lévy triplet 
(I(x), Q(x), N(x, dy)), we have to show that the corresponding operator 
—q (x, D) defines a regular Dirichlet form; 

starting from a Beurling-Deny representation (3.21), (3.22) we have to 
impose conditions on (vjk(dx), k«(dx), J(dx, dy)) such that we can perform 
an "integration by parts" to calculate —q(x, D) by the formula €(u,w) = 
(74 C. D)u, w) qu); 

the associated Hunt process is defined only for quasi-every starting point. 
We have to find conditions that guarantee that the exceptional set is actually 
empty; 

(d) we have to show that the Hunt process is, in fact, a Feller process. 


(b 


wm 


(c 


wm 


To cope with the first problem, the key observation is that the Beurling—Deny 
formula (3.21), (3.22) resembles the Lévy—Khintchine representation (2.25) of a 
Feller generator. In the constant-coefficient case, cf. Example 3.13, this is obvious. 
Without the a priori assumption that the corresponding process exists, this problem 
has been discussed for pseudo-differential operators (—q(x, D), C&*(IR7)) with 
negative definite symbols in [281, Theorem 3.6] and Barlow et al. [12]. 


3.3 Dirichlet Forms 85 


The second problem can be approached via (r, p)-capacities, see Kazumi- 
Shigekawa [174] and [104, 105] and the references given there. Alternatively one 
can assume that the L?-semigroup is absolutely continuous, cf. Fukushima [115] 
and [165] where this problem is discussed in terms of mapping properties of the 
semigroup, see also Barlow et al. [12]. 

For the third problem one usually proves first the C;-Feller property and then, by 
the usual tightness argument, cf. Theorem 2.49, the Feller property. The following 
Theorem from [286, Corollary 6.4] is based on this approach. 


Theorem 3.17. Let o : IR? x IR? — R and suppose there are constants n, B, y such 
that 


—oo«mnxa(x,ypxp«2 wW|lx—-y|x1 
a(x, y) = near the diagonal x = y 


0<y<a(x,y)< oo Vix—-y|»1 
and for any compact set K C R? 
lox, y) — a(x, z)] + lay, x) — az, x)| < Ckly =z| Vx. y.z e K. 


Set 


—a(x,y)—d —a(y.x)—d 


jœ, y) :9 Ix — yl +|x— y| 


Then the operator (—q(x, D), C?? (IR¢)) with the symbol 
—q(x,&) = -f (1 — cosh - E) j(x, x + h) dh 
ho 
+ -T sinh - E(j(x, x +h) — j(x, x — h)) dh 
2 hz: 


has an extension which generates a Feller semigroup. 


Let us briefly sketch the idea how to show the C;-Feller property in Theo- 
rem 3.17; details can be found in [286, p. 420]. First one shows that the quadratic 
form £(u,w) := (-q(,D)u,w)r2@), uw € C?* (IR^) extends to a regular 
Dirichlet form; this proves the existence of a Hunt process (X;),2o and a symmetric 
sub-Markovian semigroup in L?(dx). Recall that, because of the construction via 
Dirichlet forms, (X;);2o is only defined in IR^ V N where N is an exceptional (i.e. 
capacity-zero) set. Based on the work by Bass-Levin [17], see also Song-Vondracek 


[306], one shows that any bounded harmonic function? is Hólder continuous: 


10That is, the function / satisfies the spherical mean-value property relative to the process (X;);>0: 
h(x) = E* h(X,,) where ty is the first exit time from U C R4. 
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dc, k > 0 Vxo Vh € By (Rf \ N) harmonic in B, (xo) such that: 
Yx, y € B(xo,r/2): | |h(x) - hO) < ellhllse]x — yl". 


(3.24) 


Denote by Ry f(x) = E* o e™ TO dt) the resolvent corresponding to 
(Xi);zo. By the strong Markov property and Dynkin's formula (1.55) one sees 
that R} f(x) is harmonic for every f € B,(IR^). Therefore (3.24) proves that 
x e R, f(x) is Hólder continuous: 


IR. f) - Rf) S eA HADIS lolx = y^ vf e Lo*qn^). 


Although this holds only for x,y ¢ N, this estimate allows us to extend R} f 
continuously onto B, (IR^). This means that the resolvent is strongly Feller, hence it 
has the C;-Feller property, and so does the semigroup. 

Based on ideas of Nash [231], similar results were obtained by Komatsu [193] 
for non-degenerate Lévy kernels of the form J (dx, dy) = k(x, y)|x — y| 7*7? dx dy 
where 0 < x; € k(x, y) € k2 < œ using pseudo-differential operator methods and 
a smoothing technique if k(x, y) is rough. 

Chen-Kumagai [62] were able to construct (stable-like) Feller processes asso- 
ciated with non-local jump-type Dirichlet forms on d-sets. Their work uses the 
parabolic Harnack principle and sharp two-sided heat-kernel estimates. 


3.4 Evolution Equations 


In his seminal paper [186] (an English translation can be found in (187, pp. 62-198]) 
Kolmogorov showed that a large class of diffusion processes (which are examples 
of Feller processes in the sense of this survey) can be described in terms of evolution 
equations. Later on, Feller [106, 107, 108] extended this to more general Feller 
processes. 

Recall the notion of a fundamental solution of a (time-dependent, differential 
or pseudo-differential) operator A = —q(s, x, Dx). A fundamental solution to the 
corresponding parabolic problem on the set [0, T7] x R? is a measure-valued function 
I'(s,xit,dy) definedforallOcs«tzT,xe R? such that 


u(s, t, x) =] fO (s, x;t,dy) Yf ec QR?) 
Ri 


satisfies 


Qu(s, t, x) 
ðs 
limu(s, £, x) = f(x) Vx e R^. (3.26) 

STE 


= q(s,x,D,)u(s,t,x) YxeRİ, s<t<T (3.25) 
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The transition function of a (time-homogeneous) Feller process is of the form 
pi-s(x,dy) = T (s, xit, dy) and T, f(x) = u(0,t, x) is the transition semigroup. 
The equation (3.25) is usually called Kolmogorov's backward equation. In 
semigroup notation—mind that we differentiate in (3.25) at the left end-point of 
the interval [s, t] —this becomes 


Tuv) = —q(x, Dx)Tiu(x) (3.27) 


whenever u is in the domain of the generator A = —q(x, D), cf. also Lemma 1.26. 
Using hypersingular integrals, Kochubei [185], see also Jacob [158, Theorem 
2.7.16, p. 146], has constructed an example of such a fundamental solution. 


Theorem 3.18. Let N > 2d +3 and assume that q; : R? x R^ > C,0< j <m, 
m = l, are functions with 


a) Reqo(x, £) 2 Co for some Co > O and all x € RË, £ € S77! c m4; 
b) Eb q; (x, £) € C™ (IR^ {0} is homogeneous of degree y; with yo € (1,2) and 
0<y; <y, yj A lfor0 < j <m; 
c) for all x € R4,|a| < N,& € IR^ \ {0} 
|D£q; Gr. £)| < Cu |E[ s 
d) for all x, y € IR^, |o| < N,& € IR^ \ {0} and some À € (0, 1) 
IDE (qj Gc. 5) = g OEDI < Culx — yg). 


Then q(x, D) = y» qj (x, D) is the sum of hypersingular integral operators, i.e. 
fori z1 


= (1 —e ey! h 
qj(%,8) = a f. |h| tr; T |h| 


where (2; is called the characteristic. 

If the characteristics are positive and, with respect to the second variable, even 
functions, then the solution to (3.27) exists and defines a transition function of a 
Feller semigroup. 


) dh, 


A class of Feller processes related to stable processes were constructed in 
Kolokoltsov [189]; we follow Jacob [158, Theorem 2.7.19]. 


Theorem 3.19. Let a € (0,2) 


«e. - ie f... Cn) 


where the kernel u satisfies 


Qa 


AG, dn) 
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i3 
Ning = n | 


and for B € N and x € IR? the derivative VP u(x, dn) is a real-valued measure 
with uniformly (in x) bounded total variation. Then there exists a solution to (3.27) 
which determines a Feller semigroup. 


a 


L(x, dn) € C2 < oo, 


The proof of Theorem 3.19 uses an asymptotic series representation of the Green's 
function of the process with symbol q(x, £). The guiding idea is to understand the 
stable-like case (with variable order of differentiability) as a perturbation of the 
classical stable case and to use Duhamel's formula iteratively to get an asymptotic 
expansion. This method automatically yields two-sided heat-kernel estimates for the 
transition densities. More details can be found in the lecture note [188, Chap. 5] by 
Kolokoltsov; this method also applies to the stable-like processes of Bass, see [188, 
Chap. 5] and the recent monograph [191, Chap. 7] by Kolokoltsov. 

There are further existence results which rely on the classical Hórmander 
symbolic calculus for pseudo-differential operators with Weyl and Kohn-Nirenberg 
quantization, cf. Baldus [10], or which use Waldenfels operators, cf. Cancelier [58]. 

Based on the symbolic calculus for pseudo-differential operators with negative 
definite symbols one can also obtain the statement of Theorem 3.4 by constructing 
a fundamental solution, see [40]. We present here a further extension of this result 
to time-inhomogeneous processes which we take from [41, Theorem 4.2]. 


Theorem 3.20. Let y be a real-valued continuous negative definite function as in 
Theorem 3.4, and assume that the function q : R x RÊ x IR^ — C is such that for 
alla, p € Né and for any compact K C R there are constants Ca gk 2 0 such that 


m— mo (lal A2) 


[VE VÉG lt, x, E)| &exgk(1-- v) > — 


forallt € K,x € TZ and È € TR. Moreover, assume that 


a) q(-, x, E) isa continuous function for all x € IR^, £ € Rf, 

b) q(t, x,-) is continuous negative definite for all t € R, x € Rf, 
c) q(t, x, 0) = 0 for all t and x, 

d) q is elliptic, i.e. 


IR, c»0 Vx, |E] >R : Req(t, x, E) > c( + v (E))? 


holds uniformly for all t from compact sets. 


Then there exists a Markov process (X,)izo such that for each t and f € C (IR) 


n sup q(t, x, D) f(x) — ECf (X1) | Xs = x) — fŒ) 


xER 5 


where q(t, x, Dx) is the pseudo-differential operator with symbol q(t, x, E). 
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The proof is based on an extension of the symbolic calculus (for pseudo- 
differential operators with negative definite symbols) used in Theorem 3.4 to 
time dependent symbols. This symbolic calculus allows us to solve the evolution 
equation by mimicking the classical parametrix construction for pseudo-differential 
operators, see e.g. Kumano-go [194, Chap. 7.4, p. 241]. 


3.5 The Martingale Problem 


The starting point of this technique, which has been developed by Stroock and 
Varadhan, see e.g. their monograph [312], is the following version of Theorem 1.36 
which we take from Jacob [159, Theorem 3.6.5, pp. 109-110]. 


Theorem 3.21. Let (T;);>0 be a (conservative) Feller semigroup on Co; (IR^) with 
generator (A, D(A)) and (X;,.7,);zo be a càdlàg modification of the associated 
Feller process. Then for every u € D(A) and every initial distribution u 


t 
MË = u(X,) - u(X9) — i Au(X,)ds, t > 0, (3.28) 
0 


is a martingale under the natural filtration (F*),>0, .£* = o(X, : s < t), of the 
process (X;)izo and under P”. 


This observation raises the question whether a Feller process (X;, E )izo can be 
characterized in terms of its martingales (MM, FX )rzo. This is, in a nutshell, the 
martingale problem. This way of putting things has a few advantages as it enables 
us to use three powerful techniques: 


* weak convergence of processes, 
* regular conditional probabilities, 
* localization. 


It is also tailor-made to avoid strong solutions in the context of SDEs, see also 
Sect. 3.2. Since our processes have in general sample paths with jumps we work 
on D[0, oo) = fo : [0,00) > R? : c is càdlàg! the Skorokhod space equipped 
with the J;-Skorokhod topology.'! Equipped with this topology ID[0, oo) becomes 
a metrizable space; this is important when studying the convergence of càdlàg 
processes. Recall Kolmogorov's canonical construction of a stochastic process: 
Using the canonical projections X; : D[0,co) > Rf, X;(@) = w(t), every 
probability measure on D[0, oo) defines a (canonical) stochastic process with càdlàg 
paths (and vice versa). 


!!Skorokhod's J topology was introduced in Skorokhod [303], it is discussed e.g. in Billingsley 
[28, Chap. 3, pp. 109-153], Ethier-Kurtz [100, Chap. 3.5-3.9, pp. 116-147], Jacod-Shiryaev [170, 
Chap. VI] or Kallenberg [172, Chap. 16, pp. 307-326]. 
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Definition 3.22. Let A : D —  B(IR7) denote a linear operator with domain 
D C B(IR?). A probability measure P on the Skorokhod space is called a solution 
of the martingale problem for the operator (A, D), if for every u € D the process 
(M, T ep from (3.28) is a martingale under PP with respect to the canonical filtration 
(72,20. 

The martingale problem is said to be well posed, if for every probability measure 
u € M (IR?) there is a unique solution P“ of the martingale problem such that 
Xo ~ u under IP", 


The principal equivalence of the martingale problem formulation and SDEs is 
discussed in Kurtz [197]. Stroock [309] seems to be the earliest reference where 
Feller processes with Lévy-type generators were constructed in this way; note, 
however, that [309] requires a strictly non-degenerate diffusion part; the following 
result is adapted from Jacod-Shiryaev [170, Theorem III.2.34, p. 159]. 


Theorem 3.23 (Stroock). Let q : IR x IR — C be a negative definite function 
such that E +» q(x,&) is continuous and denote by (I(x), Q(x), N(x, dy)) the 
Lévy triplet relative to the truncation function x(s) = 1 0,1\(s). Assume, moreover, 
that q(x, D) has bounded coefficients (2.33), (2.34) and that x +» Q(x) and 
xe [pol min(| y 2, 1) N(x, dy) are continuous for all Borel sets B C R2. If Q(x) 
is everywhere invertible, then there exists a unique (in the sense of finite-dimensional 
distributions) diffusion process with jumps with generator —q(x, D). 


Although (X;),2o need not be a Feller process, it is a good example of a Markov 
process with a symbol q(x, €). In order to ensure that (X;);2o is a Feller process, 
one has to impose further assumptions on q(x, €). 

The next theorem by Hoh [138, Theorem 3.15] indicates that the martingale 
problem does have solutions under very general conditions. Well posedness, 
however, is a completely different matter. 


Theorem 3.24. Let q : R? x IR^ — C be a continuous negative definite symbol 
such that q(x,0) = 0 for all x € IR". Moreover, assume that (x, €) œ> q(x, E) is 
continuous and that —q(x, D) has bounded coefficients, i.e. 


lax.) «cQ + |g?) Vx,& e RP. 


Then for all initial distributions u there exists a solution to the martingale problem 


for (~q (x, D), C (R^)). 


Recently some progress has been made to get solutions of the martingale problem 
for generators with symbols which are discontinuous in x, cf. Imkeller-Willrich 
[148]. 

Let us now turn to the question of well posedness. This is an important issue 
since only a well posed martingale problem gives rise to a Feller process, see Hoh 
[138, Proposition 5.18]. 
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Theorem 3.25. Assume that the martingale problem for (—q(x, D), C (IR^)) is 
well posed and that 


q(x, D) : C? (IR?) > Cs, (IR). 
Then (—q(x, D), C7? (IR7)) has an extension which is the generator of a Feller 
semigroup. 


Theorem 3.25 shows that, in order to get a Feller process, one needs conditions 
which ensure both the mapping property of the operator and the well-posedness 
of the corresponding martingale problem. The mapping property is an easy conse- 
quence of the following lemma from [44, Lemma 3.1, Remark 3.2]. 


Lemma 3.26. Let q : R? x R? — C be a negative definite symbol with an 
x-dependent Lévy triplet (I(x), Q(x), N(x,-)) for the truncation function 
X= lp} 
a) q(x, D)u(x) vanishes at infinity for any u € C® (IR?) if, and only if, 

lim N(x, B(—x,r) 20 Vvr»0. (3.29) 


|x|-oo 


b) Condition (3.29) is implied by each of the following conditions 
1. dim. sup Regin f) - 405,0 —$- QG25) = 0, 


T9 ds 
7 |x] 
2. lim sup |q(x,&$) ^ q(x,0)| = 0, 
xX—00 1 
lé ux 
3. lim sup |q(x,&)| = 0, 


4. £ > q(x, E) is uniformly (in x € RË) continuous at £ = 0 and 


sup |qG, E| S «Q0 EP) VE e R*. 


xeR? 


c) If x +» q(x,£) is a continuous function for every £ € TR, then we have 
q(x, D) : C (R^) > C(R?). 

d) If x t q(x,£) is continuous such that (3.29) or any of the conditions b)1—4 
hold, then q(x, D) : CP? (IR?) — CS; (R?). 


Proof. Let us prove (a). Since u has compact support, there exists some r > 0 such 
that suppu C B(0,r). As A is a pseudo-differential operator with negative definite 
symbol, we can use the x-dependent Lévy-Khintchine representation of q(x, £) to 
represent A as an integro-differential operator of the from (2.25): 
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1 « 9? 
Au(x) = ~e(x)u(x) + 1) : VuG) 5$; dele) aula) 
jk-1 J 


$ Í (u(x + y) — u(x) — VuGO - xhpa(ly D) Nd). 
R4\{0} 


For all |x| > r this formula becomes 


|Au(x)| = dus u(x + y) N(x, dy)| < llull N(x, B(-x,r)) 


which implies the sufficiency of statement (a). 

For the converse note that for every r > 0 there exists a positive u € C°°(IR“) 
such that u > 15(o, and thus Au(x) > N(x, B(—x,r)) for |x| > r. 

For statement (b) note that 4 — 3 — 2 — 1. So it remains to show that b)1 
implies (3.29). We use the elementary relation, cf. [162, Proof of Lemma 5.2], 


I»? 
1+ |y]? 


-j,ü-eomubdt vem" G30 


where g(£) = ifj QnA) ^? e- El /24 9/2 dA is integrable and has absolute 
moments of arbitrary order. This, B(—x,r) C B°(0, |x| — r), and the elementary 
inequality i < s?/(1 +s”) for |s| > 1 yield 


N(x, B(—x. r)) 
< N(x, B°(0, |x| — r)) 
I»/(x| -= n)? 
«2 N(x.d 
: ds Id -»g v 


E f (i Z^ 
R4\{0} |x| —r 


1 
= xj (rea (s i) —q(x,0) — i-r? n: on) gp dn 


<2 sup (Rege, E) - q69) - €: 9606) f (1+ In?) eG) dn 


les rz 


XcQ,2 sup (Req(x,£) — q(x,0) — E- O(x)é), 


les rao 


) g(n) dn N(x, dy) 


since g(y) has absolute moments of any order. Finally note that by Proposi- 
tion 2.17(c) a negative definite function v satisfies for |x| > 2r 
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sop WEIS. SUD. VG) “Sup. YE) UR 
£l rh ils nS r lls Ér £l 


<4 sup |Y). 
<q 


(3.31) 


Hence each of the conditions in (b) implies (3.29). 
The Fourier transform (i of a test function u € C?? (IR^) is in the Schwartz space 
S(IR“) of rapidly decreasing functions. Define 


Au(x) := —q(x, D)u(x) = - f «e.c eE dE Vue CLRI) 


and recall that £ > g(x,&) grows for all x at most quadratically in & (cf. 
Proposition 2.17(d)). Thus statement (c) is implied by the dominated convergence 
theorem. The last statement (d) follows from (a)-(c). oO 


The following rather general result is due to Hoh [138, Theorem 5.24]. 


Theorem 3.27 (Hoh). Let y : IR^ — R be a continuous negative definite function 
and assume that there exist constants co, ro > 0 such that 


YE) > coylél” VEER. 


Set? k := 2|(2 v 2) -- d | -- 3— d. Assume that q : IR^ x R^ — R is a continuous 
negative definite symbol such that q(-, €) € C* (IR^) and 


Vig. 8| « ca - wv) VB ENG, IBI <k 
and for some strictly positive function y : IR^ — (0,00) 

qE > yo) v) Vx eR^, JE z 1 
and 


lim sup q(x, €) = 0. 


£20 xeR¢ 


Then (—q(x, D), C%(IR“)) has an extension that generates a Feller semigroup. 


For special cases one can drop some of the assumptions of Theorem 3.27, e.g. 
for symbols of the form via bj (x) Ww; (E) see Hoh [135, Theorem 6.4]. 

There are further approaches to solve the martingale problem which pose 
conditions on the Lévy triplet rather than the symbol; for example, Stroock [311] 


12|.] denotes the largest integer which is less or equal than the argument. 
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describes the state space dependence of the Lévy kernel N(x, dy) by a pullback, 
Abels and Kassmann [2] assume that N(x,dy) = n(x,y)dy and formulate 
conditions for n(x, y). It is an open problem whether it is possible to re-write 
such conditions in terms of conditions for the symbol; this applies, in particular, 
to the setting relying on the pullback, compare Tsuchiya [326] and Stroock [311, 
Sect. 3.2.2, p. 99]. 

A very useful feature of the martingale problem is that one can get uniqueness 
by a localization technique, cf. Hoh [138, Theorem 5.3]. 


Theorem 3.28. Let q, qk : IR^ x IR > R (k = 1) be continuous negative definite 
symbols such that the corresponding pseudo-differential operators map C°° (IR?) 
into Cj (IR^) and such that 


q(x,&) = q(x, E) Vx eU, Ee R^ 


where (Ux)yew is an open cover of RÌ. If the martingale problem for —q(x, D) 
has for each initial distribution u € MY (IR?) a solution and, if the martingale 
problem for —q (x, D) is well posed for each k > 1, then the martingale problem 
for —q(x, D) is well posed. 


Generators of Variable Order and Stable-Like Processes. Using localization 
one can improve Theorem 3.5, the existence result for operators of variable order, 
cf. Hoh [138, Theorem 7.10]. 


Theorem 3.29. Let y(&) and q(x, €) be as in Theorem 3.4. Furthermore assume 
that q(x, €) is real-valued, and m : R^ — (0, 1] is a C®-function. Then 


p(x, £) := q(x, £)"? 


defines an operator (—p(x, D), C® (R^)) which has an extension that is the 
generator of a Feller semigroup. 


Relying only on the martingale problem and localization, Bass [15, Theorem 2.2] 
obtained another set of general conditions which ensure that a corresponding pure 
jump processes exist. The following two theorems are stated for d = 1 only, but 
Bass mentions in [15] that the proofs carry over to d > 1. We re-state Bass’ results 
in terms of symbols. 


Theorem 3.30. Let q(x,&), x, € R, be a negative definite symbol of the form 
q(x, £) = I (1 — e” tig. hto (A) v(x, dh), 
R\{0} 


and define for À > 0 


à +q(x,£) 


Qax, y, £) := mmm 
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Assume that 
a) there exists 6 € (0, 1) such that inf q(x, &)| > clé|* for |£| z 1 
xE 


b) there exists a constant c such that sup a £)| x c(1 + JED; 
xER 


c) there exists p > 0 such that me ie - Ds y, £) <a lél’; 
d) for all r < 1 one haslim sup sup d oie y. |= = 0; 
H |x—yl<ersiel<i/r | dE 
e) lim sup sup [n x,xceye !u) )-1|20 
eo lele[ ve. = 1] *€R.[yIs1 
a ff" d? 
f) lim ws E ; Ds Qon) dg] dz = 0. 
n40 Jan a |z|? dé? 


Then (—q(x, D), C?? (IR)) extends uniquely to the generator of a Feller semigroup. 


Proof. By Theorem 2.31, Assumption (b) is equivalent to 
sup f mind»f. 1) v(x, dy) < oo. 
x€R 


Then, cf. [15, Theorem 2.2, Proposition 6.2], the operator (g(x, D), C?? (IR)) 
extends uniquely to the generator of a C;-Feller process. For the extension of 
q(x, D) we use Theorem 2.37(a). Moreover, by dominated convergence (2.45) 
holds, and Theorem 2.49 implies the result. Hu 


The above theorem simplifies considerably for stable-like processes, see Bass 
[15, Theorem 2.2]. 


Theorem 3.31. Let q(x,&), x, & € R, be a negative definite symbol of the form 
dh 

a6. 8 = cao (17 e ita HD) cras 

(x) a [0.1] ) TRES 


where Co(x) = ol eye tp (9*4) / r(1 — 202) is a constant such that 


e“ iq, D)e? = g(x, £) = IP, 


cf. (1.34). Assume that 


a) 0 < inf f a(x) < sup a(x) < 2; 
b) sup ja(x) -a0)| = o(1/lInz) asz > 0; 


lvl 


! dz 
c) sup |a(x) —a(y)| — < oo. 
0 |x-y|&z 4 


Then (—q(x, D), C?? (IR)) extends uniquely to the generator of a Feller process. 
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Let us close this section with a word of caution. Bass' stable-like processes are 
generated by fractional Laplacians of variable order, to wit g(x, D) = (—A)*, 
and these operators are, in general, not symmetric for the normal scalar product in 
the space L?(dx). On the other hand, there are (symmetric) stable-like processes 
associated with certain stable-like symmetric Dirichlet forms, cf. Uemura [328,329] 
where the Beurling—Deny representation of the Dirichlet form has the jump kernel 
N(x, dy) dx = Coo |y| 4*9? dy dx, cf. Sect.3.3; their generators Lo()(x, D) 
are, by construction, symmetric in L?^(dx). The relation between (—A)*“) and 
La(x)(x, D) is discussed in [286] in the symmetric case (see also Theorem 3.17) 
and in Fukushima-Uemura [117] as well as in [288] for the non-symmetric case. 


3.6 Unbounded Coefficients 


All methods to construct a Feller process which we have discussed so far assume 
that the coefficients of the generator are bounded, i.e. 


lax. 8] « c(1-- [EP). Vx, E e R^ 


where c = 2supy,eg« SUPjyj<ı |q(y. n)|, cf. Theorem 2.31. In some cases, this 
technical restriction can be relaxed, for instance it is shown in Hoh [138, Theorem 
9.4] that Theorem 3.24 can be extended to the following statement. 


Theorem 3.32 (Hoh). Let y : IR^ — R bea continuous negative definite function, 
such that yy 4 0 and V (0) = 0. Let q : IR xR? > R bea negative definite symbol 
such that (x, €) + q(x, E) is continuous, q(x, 0) = 0 for all x € IR? and 


woa T . yhte (3.32) 


SUP |p| x] V Q]) 


Then for any initial distribution u there is a solution of the martingale problem for 
(—4(x, D), C (R^)). 


On the basis of Theorem 3.32, Hoh [138, Theorem 9.5] was able to prove an 
analogous extension of Theorem 3.27 to generators with unbounded coefficients. 
It is interesting to note that the condition (3.32) represents, essentially, a trade-off 
between the growth in x as |x| — oo and the decay in £ as |&| — 0. This is already 
familiar from the conservativeness condition from Theorem 2.34. 


Remark 3.33. For the martingale problem approach, there is also a Lyapunov 
function technique for the construction of processes with unbounded coefficients, 
cf. Kolokoltsov [190, Chap. 5]. This method adapts the underlying function space 
taking into account the growth of the coefficients, i.e. the semigroups are not 
considered on Cs; (IR) but on weighted function spaces. The functional analytic 
basics can be found in the monograph by van Casteren [331, Chap. 2]. Hu 
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The solution of a Lévy-driven stochastic differential equation of the form 
dX, = ®(X;_) dL, Xo — x e Rf, 


where ® : IR^ — R?” is a suitable coefficient and (L;);>0 is a Lévy process 
(with killing) and with characteristic exponent y : R” — C, yields a strong 
Markov processes admitting a symbol q(x, £) = v (d (x)! E), see Example 2.42(e). 
For the existence and uniqueness one usually has to assume a local Lipschitz 
and linear growth condition on ®. In principle, this allows to construct Markov 
processes with unbounded symbols; if is not bounded (boundedness was assumed 
in Theorem 3.8), the Feller property of the process needs to be checked on a case- 
by-case basis. 


Example 3.34. Here are two typical examples which illustrate this approach. 


a) (Ornstein-Uhlenbeck processes) Consider the following Lévy-driven SDE 
dX, = b(Xj)dt--dL,, Xo— xem, 


where (L;);>0 is a d -dimensional Lévy process and b : IR^ — R¢. If for some 
constant c > 0 


(b(x),x) <e|x|? Vix| >> 1 and lim ECO iy 


[xI—oo || 


then (X;);zo is a Feller process. The proof depends on the fact that one can find 
an explicit Lyapunov function, cf. [345]. 

b) (generalized Ornstein-Uhlenbeck processes) Consider the following Lévy- 
driven SDE 


t t 
yox vnaxtex?oie[ ec nex veer 
0 0 


where $ (yi, y2) = (yi, 1) and X, = (xf, xO, t > 0, is a two-dimensional 
Lévy process with Lévy triplet (7, Q, v) such that v({—1} x dy) = 0. Behme- 
Lindner [18, Theorem 3.1] show that (V),zo is a one-dimensional Feller 
process. oO 


The following general construction principle by a limit procedure, which also 
allows unbounded coefficients, can be found in [44, Theorem 1.1]. 


Theorem 3.35. Let q : IR" x IR^ — C be a function such that 


lim sup sup |q(y, £)| = 0. (3.33) 


r> |y|zr gj 1 
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Assume that for each k = 0 the process (XB)zo is a Feller process with semigroup 
(T), such that its generator Ax satisfies CP" (IR^) C D(Ax) and the symbol 
qx (x, E) of As | cos qna satisfies 


lg Gc £)] < Iq (x. &)] Vx,E e R^, (3.34) 
qx(x,&) = q(x, &) V|x| <k, £ e R? (3.35) 


and 


k fdd 1 
Ps > 
(X5, ik 5p )e20 (Xi, a )e20 VI >k, 


where the symbol is refers to equality of all finite-dimensional distributions, and 
Thok) denotes the first exit time of the process X! from the ball B(0, k). 


Then the operator (—q(x, D), CPO (IR7)) has an extension which generates a 
Feller process and the corresponding semigroup is given by 


Tu = lim TKu 
k—oo 
foru € Css (IR) where the limit is meant in the strong sense, i.e. with respect to 


I|-lloo. 


The proof of this theorem is based on the constructive approximation argument 
which we will discuss in Sect. 7.1. 


Example 3.36. Consider the negative definite symbol g(x, €) = (1 +|x|?)|&|® with 
0 € B « a < 2. Since 


sup sup |g(y.£)] = (1 rP)r^*, 
pls lėl<1/r 


Theorem 3.35 shows that there exists a Feller process with symbol g(x, &). o 


Chapter 4 
Transformations of Feller Processes 


A Markov process can be transformed in many ways: For example by 


* pinching and twisting, cf. Evans-Sowers [102]; 

* pasting, cf. Nagasawa [230]; 

e piecing out, cf. IReda-Nagasawa- Watanabe [147]; 

* killing and creation, cf. Meyer-Smyth-Walsh [222]; 

* adding and removing jumps (interlacing), cf. Meyer [221]; 
* restarting after random times, cf. Sawyer [270]; 

e censoring and resurrecting, cf. Bogdan- Burdzy-Chen [37]. 


Most of these constructions are path-by-path transformations of the process. Here 
we will focus on transformations of the generators, in particular on time changes 
and perturbations. 

Throughout this chapter we assume that (7;);>0 is a Feller semigroup on 


CV). 


4.1 Random Time Changes 


Given a Feller process (X;);2o one can construct a new Feller process by changing 
the intrinsic clock of the process. The simplest method is to change the speed. To 
illustrate this, consider a Lévy process (X;);>0 with symbol y (€). It is easy to check 
that (X;;);zo is for any c > 0 again a Lévy process, hence a Feller process, and we 
find 


Beit Xa = g-(60v6) 700). 


Thus, (X,;);29 has the symbol cy (€) and the generator —c y (D), i.e. a time-change 
results in a multiplicative perturbation of the generator. We can even change the time 
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depending on the current position of the process. The following result is adapted 
from Lumer [209, Theorem 2] extending an earlier result by Dorroh [87]. 


Theorem 4.1. Let (A, D(A)) be a Feller generator and s(-) € Cy(IR^) be real 
valued and strictly positive. Then the closure of (s(-) A, D(A)) is also a Feller 
generator. 


Using additive functionals we obtain the corresponding transformation at the level 
of sample paths. The following result, with a different proof and in the context of 
martingale problems, can be found in Ethier—Kurtz [100, Chap. 6]. 


Corollary 4.2. Let (X;, ¥;);>0 be a Feller process with generator (A, D(A)) and 
s € C; (IR^) be real valued and strictly positive. Denote by 


dr B dr 
o (t, o) =| sy and a(co,@) =| EAC (4.1) 


and by t(t) the (generalized, right-continuous) inverse 
t(f, c) :— inf(u > 0 : a(u,0) >t}, infÜ = +00. (4.2) 


Then the time-changed process ee S usn. E = Xn F; ‘= Fa, is again a 
Feller process and the infinitesimal generator is the closure of (s(-)A, D(A)). 


Proof. Since s is strictly positive and bounded, 0 < s(x) < c for some c < oo; this 
ensures that we have a(00,@) = fp s(X,(0))-! dr = fa" c7! dr = oo; therefore, 
t(oo, w) = oo, and the time-changed process X has a.s. infinite life-time whenever 
the original process X has infinite life-time. 

In view of Theorem 4.1 we only have to check that s(-)A is the generator of x 


For this we can restrict ourselves to the core D(A) of s(-) A. Let u € D(A). Then 
t 
u(X;) — u(Xo) - M; = I Au(X,)dr 
0 


where (M,),>0 is a martingale (with respect to the natural filtration (F,*),50 of 


(X,);s0 and under all P*, x € R^), cf. Theorem 1.36. From the definition of 
(a(r))->0 we find 


t(t)An 
Os) - WX) — Mags = | Au, dr 
0 
t(t)An 
=f s(X,)Au(X,)da(r) 
0 


tAa(n) 
= / S(X(3)Au(Xc()) dr. 
0 
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Since t(t), t > 0, is a family of (FX ):>o stopping times, we can use optional 
stopping to see that (M:z(45);zo is a martingale for every n > 0. Thus, 


tAa(n) 
E~ u(Xca)an) = u(x) =E (/ S(X«o)Au(X«() 2 
0 
and, as n — oo, we find from dominated convergence that 


E” u(X,) — u(x) = E (f saukar) : 
0 


Using the fact that D(A) is an operator core, we conclude that s(-)A is the generator 
of (X;)izo. Oo 


Formally related to this time change is Doob’s /;-transformation. Let (7;);>0 be 
the transition semigroup associated with a Markov process and set 


T^u(x) :— EE u € By(IR^), x e R. 
h(x) 


This definition requires that h is not zero and measurable. Moreover, (T^) 12:0 defines 
only a (sub-)Markovian semigroup, if h > 0 and T;h < h for all t > 0, i.e. if h is 
a strictly positive supermedian function. If (7;);zo is a Feller semigroup, it is a 
natural question to ask under which conditions (T^);zo is again a Feller semigroup. 
A necessary condition is that hu € Co (IR^) for any u € Coo (IR?), and this is 
equivalent to saying that h € C; (IR). Moreover, A^! T; (hu) must vanish at infinity 
and, unless we have more information on the mapping properties of the semigroup 
(T;):>0, this usually means that h > 0 and 1/7 is bounded as |x| — co. With a bit 
more effort one can prove the following result. 


Lemma 4.3. Let (T;);zo be a Feller semigroup with generator (A, D(A)). Assume 
thath > 0 isa strictly positive, bounded, continuous and supermedian' function sat- 
isfying lim) ,|_,50 |4(x)| > 0. Then the h-transformed semigroup Thu:=h"T, [hu] is 
again a Feller semigroup, and the generator is of the form 


A", =h7'Afhu] and D(A") = {u € C% (R?) : hu € D(A)}. 
Proof. Only the assertion about D(A”) requires further proof. Denote by R(o, A) 


and R(o, A^) the resolvent of the original and of the h-transformed semigroup, 
respectively. Then, cf. Definition 1.21 and Lemma 1.27, 


m 1 pe 1 
R(a, A" )u = f e “Tu ds = J eT, thu] ds = "5 R(a, A)[hu] 
0 0 


! Some authors require h to be excessive, i.e. supermedian and sup,„ọ T;h = h; the last condition 
is, however, not needed for the proof of the lemma. 
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holds for all u € C54 (IR7). Since D(A”) = R(a, A”) [Co (IR7)] for any o > 0, cf. 
Lemma 1.27, and since multiplication by h preserves the set Co, (IR^), we get 


D(A) = Re, AP[C RÀ] = Rcs ARS (R)] C. (DIC QR] 
1 
= 7 D(A), 


The converse inclusion is trivial. oO 


The h-transform is frequently used in probabilistic potential theory in order to 
construct Markov processes conditioned to hit certain sets, e.g. a Brownian bridge. 
More information can be found in Sharpe [298, p. 298] and Rogers-Williams [254, 
Sect. IV. 39, p. 83]. In the context of Dirichlet forms time changes by additive 
functionals are discussed in Fukushima-Oshima- Takeda [118, Chap. 6.2, pp. 265- 
279, and Chap. A.3, pp. 331-344]. 


4.20 Subordination in the Sense of Bochner 


In the previous section we considered a time-change of the process (X;),2o by an 
increasing stochastic process t(t) which was a functional of the process, hence 
not independent. Subordination (in the sense of Bochner) is a random time- 
change by an independent increasing Lévy process (subordinator) (S;);>0. While 
the dependent time-change of Sect. 4.1 led to a multiplicative perturbation of the 
generator (A, D(A)) of (X;);zo, subordination yields a function of the generator in 
an appropriate sense. 

Recall from Examples 1.17(g) and 2.4(g) that a subordinator can be characterized 
in terms of its Laplace exponent f(A) = — log E e ^^; any such f is a Bernstein 
function and every Bernstein functions is uniquely given by its Lévy-Khintchine 
representation 


fA) =atbat f. a — e^) (dt) (4.3) 


where a, b > 0 and u is a measure on (0, oo) such that Jos) min(t, 1) u(dt) < oo. 
Moreover, 44; (ds) := P(X; € ds) is a vaguely continuous convolution semigroups 
of sub-probability measures on the half-line. Although the following definition 
holds for abstract spaces E, we state it only for E = Rf. 


Definition 4.4. Let (X;);20o be a Feller process with transition semigroup (7;);>0 
and let (S;),29 be a subordinator with Bernstein function f and convolution 
semigroup (jt; );>0. Assume that (.X,);2o and (S;),2o are stochastically independent. 
Then the stochastic process given by 


XÍ (w) = Xs lo) Vt 20 (4.4) 
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is said to be subordinate to (X;);>0 (with respect to f or (S;);>0). The family of 
operators 


T/u:— J T,u (ds) Vt 20, u € CS, (IR?) (4.5) 
(0,00) 


is said to be subordinate to (7;);>0 (with respect to f or (ju );20). 


For semigroups, subordination was introduced by Bochner [34] while the time- 
change aspect was rigorously worked out by Nelson [232]. Our standard reference 
is the monograph [293, Chaps.5 and 13] where the following simple result can be 
found. 


Lemma 4.5. Let (X;);>0 be a Feller process and f a Bernstein function. Then the 
subordinate process (Xf ues is again a Feller process and its transition semigroup 
is the subordinate semigroup [T ss. 


The structure of the subordinate generator is given by Phillips’ theorem [293, 
Theorem 13.5]. 


Theorem 4.6 (Phillips). Let (A, D(A)) be a generator of the Feller semigroup 
(Ti)izo and f a Bernstein function given by (4.3). Then the subordinate generator 
Af is given by 


Afu :— —au + bAu + / (T,u—u) (ds) Vue D(A) (4.6) 
(0,00) 


and D(A) is an operator core for (Af, D(A/)). 


Formally, T, = e'4 and inserting this into (4.6), we see that Af = — f(—A). This 
can be made rigorous if we understand — f(—A) in a proper sense. No problem 
arises in Hilbert space where we have the usual spectral calculus at our disposal. 
In a Coo-context we can use a variant of the unbounded Dunford-Riesz integral to 
define — f/(—4). This has been done in [272, 278], see also Berg-Boyadzhiev-de 
Laubenfels [26], Pustyl'nik [246] and, quite recently, as an extended Hille— 
Phillips calculus by Gomilko-Haase-Tomilov [124]. These approaches generalize 
Balakrishnan's formula for fractional powers, cf. [293, Chap. 13] for a detailed 
discussion. Let us briefly note that subordination leads to an unbounded functional 
calculus for the infinitesimal generators, cf. [293, Theorem 13.23, p. 222]. 


Theorem 4.7. Let (A, D(A)) be the generator of a Feller semigroup (T;)izo on the 
space Cos (Rf), and let f. g be any two Bernstein functions. Then we have 


a) A = cA for all c > 0; 

b) Afts = Af + As; 

c) Af?s = (A8); 

d) Actid+f = —c + A+ Af for all c > 0; 

e) if fg is again a Bernstein function, then Als = —Af AS = — At Af, 
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The equalities a)-e) are identities in the sense of closed operators, including 
their domains which are the usual domains for sums, compositions etc. of closed 
operators. 


This functional calculus can also be extended to the algebra generated by the family 
of Bernstein functions. Various characterizations of the domain D (A^) can be found 
in [293, Corollary 13.20, p. 219]. 

Let us discuss what is going on at the level of symbols. For constant coefficients 
things are straightforward. Denote by u: (ds) = P(S, € ds), t > 0, the family of 
transition probabilities of the subordinator. Then 


oo A oo 
T/u = 1 Tsu ju (ds) = f e 3 u,(ds) = e. 
0 0 


Thus, the symbol of the subordinate semigroup (Tf )izo or the subordinate Lévy 
process (xf )zois E > f(W(S)). Incidentally, this calculation can be used to 
show that a subordinate Lévy process is again a Lévy process. This shows that 
for constant-coefficient symbols and translation invariant semigroups the notions 
of symbolic calculus and functional calculus coincide. For general Feller processes 
generated by pseudo-differential operators this is no longer true: 


—q* (x, £) :=Symbol of {(—q(x, D))/ Vx. £) 
=Symbol of { — f(q(x, D))\(x, £) 
#Symbol of { —(f og, D)}(x, £) = —f (q(x, &)). 


In fact, we still have 
Symbol of {(—q(x, D) yx, E) = — f (q(x, €)) + lower order perturbation. 


The perturbation is usually measured in a suitable scale of anisotropic function 
spaces. In a Feller, i.e. Co; (IR^), context we have the following estimates which 
generalize earlier results from [161,160], see also [163, Theorem 4.3]. As usual, we 
denote by H"(IR7) = W"?(IR^) the classical L?-Sobolev spaces. 


Theorem 4.8. Let (T,);2o be a Feller semigroup with generator (A, D(A)) such 
that C9 (IR^) C D(A) and denote by q(x, E) the corresponding negative definite 
symbol. We assume that q(x,&) has bounded coefficients, cf. Theorem 2.31. 
Moreover, let f be a Bernstein function given by (4.3). Then the following estimates 
hold 


| T/u — gr DOSE. x c min(t, 1) ||u]| gas 


|La, Du — Cf og)(x, Du], < e'lul gas. 
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Proof. As in [160, Lemma 4.1] we get from Taylor's theorem (in the variable t) 
combined with the formulae (1.38) and —q (x, £) = £ Ax, £)|;2o from Theorem 
2.36 


1 
[Ar (x, E) — e146) =t f (—e™™ ETa [esa C. (x) 3 q(x, £)e 9498) d0 
0 


< 2t sup q(x, &)| 


xeR¢ 


< egt (1 + |£. 


Since we have, trivially, 


A(x, E) — e7409| < 2, we get 
lí, E) 2 e 77769] < cemin, D(A + JE) Vr > 0, x, £ € R^. 
Consequently we find for all u € C9? (IR4) 
lA, Gc, D)u(x) — e™ (x, D)u(x)| < c min(t, Dfa + |€|?)|a(&)| dE 
<cqmin(t,1)||ul| qa¢3 Yt >Q. 
For the second estimate we used a standard argument from the theory of Sobolev 


spaces, cf. [160, Corollary 4.3]. Adding and subtracting u on the left-hand side 
we see 


|(Tu&) — w(x) — (ex, D)u(x) — u(x)) 


X cq min(t, l)|u|gass Yt > 0. 


By construction, $ Tu], = £(e *?(. Dyu)|, o Therefore, we can use 


Phillips’ formula for the subordinate generator (4.6) to get 
|A u(x) — Cf o q)(x. D)u(x)| 


-| [nce = wen) weary = f et («799 — 1) weaning) di 
(0,00) R4 (0,00) 


= | [Gate = wey wary = f(x, Dyu) — ul) pla 
(0,00) (0,00) 


X ca f min(t, 1) u(dt)||u|| gas. 
(0,00) 


Since x is arbitrary, the proof is finished. Oo 


The concept of subordination has also been used for state space dependent subordi- 
nators [101], leading to technical results in the spirit of Theorem 3.4. 
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4.3 Perturbations 


One can understand a Feller process (X;);zo as a perturbation of a Lévy process 
(L;)irzo, if its symbol q(x, £) is comparable to the symbol v (£) of the Lévy process. 
The following existence result from Jacob [158, Theorem 2.6.4, p. 131] illustrates 
this point, its proof relies on the Hille-Yosida construction, cf. Sect. 3.1. 


Theorem 4.9. Let y : R? — R be a real-valued continuous negative definite 
function such that for some co, ro > 0 


YE) zcylE|" YE eR’. 


Let qı : RË — C be a continuous negative definite function such that there exist 
constants Yo, Yı, yo > 0 with 


yow(&) € Req) < yy E) VIE 2 1, 
|Imqi(£)) < yy Reqi(£) VE eR’. 


Set m = |d/ro| + d + 3 and let q) : R4 x IR — C be such that for all a € INd, 
|a| < m, there are functions ġa € L! (IR? , dx) with 


|Vigo(x, E| € da(x)(1 YE) VE e R^ 


(the existence of the derivatives is implicitly assumed), and 


2. lalia is small. 


laļ<m 


Then the operator —q (x, D) with the symbol q(x, E) = qı (E) + q2(x, £) extends to 
a generator of a Feller semigroup. 


The smallness condition on pares [allıı appearing in Theorem 4.9 is quite 
technical, and for details we refer to Jacob [158, Assumption 2.6.3, p. 130]. One 
should mention that such conditions are typical for a perturbation approach; its true 
meaning lies in the fact that it guarantees a Gárding inequality 


2 2 
(q(x, D)u, u) pao] > calllinva — calullysqs, 
as well as lower estimates of the type 
lg Gc, D)ull nes = eillullgese2 — c2 |u]l r2 (ao 


relative to the scale of anisotropic L?-Bessel potential spaces HY (R2), s € IR, 
which are tailor-made for the control function y, cf. (3.8). 
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In semigroup theory, see e.g. Ethier- Kurtz [100] or Pazy [236], perturbations are 
connected with the notion of A-boundedness. 


Definition 4.10. Let (A, D) and (B, H) be linear operators with D C H. Then B 
is A-bounded if there exist œ € [0, 1) and 6 = 0 such that 


|| Bulloo < a||Aulloo + Bllulloo Vue D. (4.7) 


Example 4.11. a) Every bounded operator is also A-bounded for any A. 

b) Let A be the generator of a Feller process, f a Bernstein function given by (4.3) 
such that b = lims» f(x)/x < 1, and A^ the generator of the subordinate 
process in the sense of Theorem 4.6. Then Af is A-bounded, see (293, (13.17), 
p. 208]. o 


For perturbations by A-bounded operators we have the following existence result, 
cf. Pazy [236, Corollary 3.3, p. 82] or Ethier- Kurtz [100, Theorem 7.1, p. 37]. 


Theorem 4.12. Let the closure of (A, CP*(IR^)) be the generator of a Feller 

semigroup and B be an A-bounded linear operator defined on C (RÊ) such that B 

is a pseudo-differential operator p(x, D) with the negative definite symbol p(x, €). 
Then the closure of (A + B, C (IR^)) generates a Feller semigroup. 


If in the definition of A-boundedness the constant o is allowed to be equal to 1, 
then the statement of Theorem 4.12 remains true if B has a densely defined adjoint, 
see Pazy [236, Theorem 3.4, p. 83]. 

In view of Example 4.11(b) we get the following result as a special case of 
Theorem 4.12, see also Jacob [158, Corollary 2.8.2, Remark 2.8.3.B, p. 153]. 


Theorem 4.13. Assume that the closure of (—q(x, D), C (IR^)) generates a 
Feller semigroup, and let f be a Bernstein function satisfying 


Denote by —q/ (x, D) the generator of the subordinate semigroup (D ss cf. 
Theorem 4.6. Then the closure of (—q(x, D) — qf (x, D), C7?) generates a Feller 
semigroup. 


The last result of this section, due to Hoh [138, Theorem 6.33] and [139, Theorem 
3.5], shows that the existence of a Feller process for a given generator depends 
essentially on the behaviour of the Lévy kernel near the origin, i.e. the small jumps 
of the corresponding stochastic process. This situation is familiar from interlacing, 
cf. Meyer [221], and the solution of jump-type SDEs, cf. Ikeda-Watanabe [146, 
Theorem IV.9.1, pp. 245—246], where the large jumps are added in afterwards. 


Theorem 4.14. Let q : R? x R? — R be a real-valued negative definite symbol 


1 
qc. = 56 -O08+ [d — cosy -£) Md) 
R“\{0} 
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which has bounded coefficients (cf. Theorem 2.31) and is uniformly continuous at 
E=0, ie. 


lim sup (q(x, £) — q(x, 0)) = 0. 


|E|-0 x€m4 


Moreover, for $ € CLR?) with 0 < $ < land $ = 1 in a neighbourhood of 0, 
set 


nE = s OCDE | 0 cosy D GONGA). 


Then (—q(x, D), C (IR^)) has an extension which generates a Feller semigroup if 
(—qi(x, D), C£? (IR^)) has an extension which generates a Feller semigroup. 


4.4 Feynman-Kac Semigroups 


We start with some heuristic considerations. Let (7;);29 be a Feller semigroup 
with generator (A, D(A)) and write (X;);>0 for the corresponding Feller process. 
Assume that V : IR — (—oo,0) is a continuous and strictly negative function. 
Then 


T u(x) = E* (el iunc) Vu € BBRD, t > 0 (4.8) 


is well-defined and gives, because of the Markov property, a sub-Markovian 
operator semigroup. Using the elementary estimate |e™ — 1] < t Al fort 2 0 
we see 


t 
IT%u— Tul < E* (1 af VIa) TM 
0 


Thus, (T,");zo is strongly continuous for || - |loo if, and only if, (T;);>0 is strongly 
continuous. Therefore, it makes sense to talk about the generator AY , and it is not 
hard to see that D(A”) = D(A) and 


A" u(x) = Au(x) — V(x)u(x). 


This sets the scene for the type of perturbations we are going to encounter. 

Speaking about the Feller property is a different matter, and one would expect 
further conditions on the potential V, e.g. V € C; (IR^) as in Applebaum [5, 
Theorem 6.7.9, p. 406]. We adopt the approach by Chung, cf. Chung-Zhao [68], and 
drop, from now on, the assumption that V « 0. 
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Definition 4.15. Let (T;),2o be a Feller semigroup and V : IR^ — IR be a measur- 
able function. The function V satisfies an abstract Kato condition, if 


t 
lim sup f T;|V|(x) ds = 0. (4.9) 
i 0 


70 «eg 


This condition, called class J in Chung-Zhao [68, Theorem 3.6, p. 69] or K(E) 
in Demuth-van Casteren [85, Definition 2.1, p. 57], is pretty much optimal for our 
purposes. 

Let (T;);>0 and (X,);>0 be a Feller semigroup and a Feller process as before. 


Define 
ey (t) :— exp (f V(X;) ds) . 
0 


If (4.9) holds, one can show the following properties, cf. Chung-Zhao [68, 
Propositions 3.8 and 3.9, pp. 72—74], 


lim sup E*[ejy\(t)] = 1; (4.10) 
10 K emd 
sup E*[eyy\(t)] < et" Yt > 0; (4.11) 
xeR? 
lim sup E* [ley( - 1] 20. vr z 1. (4.12) 
10 cena 


The fact that condition (4.9) implies (4.11) is often called Has'minskii's lemma; 
(4.11) ensures that DE. defined by (4.8), is continuous on (B; (IR?), || - ||5); (4.12) 
guarantees strong continuity oft > Tu. The Feller property requires further input. 
The following Lemma is adapted from Chung-Zhao [68, Propositions 3.11 and 3.12, 
p. 78]. 


Lemma 4.16. Let (T;);zo be a Feller semigroup and assume that V satisfies (4.9). 
Then limno || Ti T," ,u — Tř ullo = 0 for allu € By (Rf) and t > 0. 

In particular, if T, enjoys the strong Feller property T; : B,(IR¢) — C; (IR^) (or 
T, : By (IR^) > Cos (IR2)), then T} has this property, too. 


Proof. The second part of the lemma follows immediately from the uniform 
convergence assertion since T d € B, (IR? ) for all u € B, (IR? ), thus Th TY „u 
is contained in C; (IR^) or Cs; (IR). 

In order to prove the first part of the lemma, we use the Markov property to get 


T, T, ,u(x) = E* [E** (ey (t — h)u(X, ,))] = E* [ey(t)e-v ()u(X;)]. 
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By the Cauchy-Schwarz inequality and with (4.11), (4.12) we get 


IT, u — T, T, pulloo € sup E* [ey(t)(1 — e-v 00) Jlulloo 


x€nR4 


h>0 
< ete! sup VE'[I—e-vG)P]llulos > 0. n 


x€m2 
Lemma 4.16 immediately implies the next result. 


Theorem 4.17. Assume that V is bounded with v :— supera |V(x)| and satisfies 
the abstract Kato condition (4.9). 

If (T;)izo is a strong Feller semigroup with generator A, then (e ' " T" );zo is a 
strong Feller semigroup with generator AV = A — V +v. 

If (T;)izo is a Feller semigroup with generator A and T; (By (IR^)) C Cos (IR7), 
then (e ' " T )r>o is a Feller semigroup with generator A — V + v. 


If we do not assume that V is bounded, the semigroup (T )izo inherits the strong 
continuity and mapping properties of (T;),;+0, but it need not be sub-Markovian or 
contractive. This can be seen from (4.8). A close analysis of the above arguments 
show that it is enough to assume that v :— sup,eg« V * (x) < oo. 

If we know that T; is of the form T;u(x) = f u(y)pi(x. y) m(dy) with kernels 
satisfying 


pi(x. y) = pi(y,x) and sup p;(x,y) < oo, (4.13) 
x,yeR4 


then we can avoid the strong Feller property in Theorem 4.17. Note, however, that 
this absolute continuity property is already very close to the strong Feller property, 
see the discussion on pp. 10-13. Variants of the following theorem can be found in 
Demuth-van Casteren [85, Theorem 2.5, pp. 61-62] or Chung-Zhao [68, Theorem 
3.10, pp. 74—75]. 


Theorem 4.18. Let (7;);zo be a Feller semigroup such that the operators T, are 
integral operators T,u(x) = f u(y)pi(x, y) m(dy) whose kernels satisfy (4.13). 
Assume that V = V* —V- € B(IR?) such that both V~ and V*1np(o) satisfy the 
abstract Kato condition (4.9) for all r > 0. 

Then (T, );>0 is a strongly continuous, bounded, positivity preserving semigroup 
in (Cos (R^), || - lloc). The operators T," are integral operators with kernels 


pi (x, y) = lim E* [ev (s) pis (Xs, y)] 


with respect to the measure m. 


A much more thorough discussion of Feynman—Kac semigroups can be found 
in the classic book Chung-Zhao [68]; in a Feller context we refer to Demuth-van 
Casteren [85] and the recent monograph by van Casteren [331]. In an L?/Dirichlet 
form context Feynman—Kac semigroups are discussed in Fukushima-Oshima- 
Takeda [119, Chaps. 6.3 and 6.4, pp. 332-368] and [118, Chap. 6.3, pp. 280—291]. 


Chapter 5 
Sample Path Properties 


In this chapter we will study certain properties of the sample paths of a Feller 
process. Throughout we assume that E = IR and that the Feller process (X;);>0 
admits a symbol q(x, €); by Theorem 2.21, a sufficient condition for the existence 
of a symbol is that C (IR) C D(A) where (A, D(A)) is the generator of (X;), zo. 

The overall philosophy is like this: ( X,);20 is a semimartingale whose differential 
characteristics coincide with the x-dependent Lévy triplet of the symbol q(x, €), cf. 
Sect. 2.4. Therefore, a Feller process behaves, close to its starting point Xo — xo, 
like a Lévy process with characteristic exponent V(£) = q(xo,£) and generator 
—V(D,) = —q(xo, Dx)—note that we treat the starting point xo as a parameter 
and freeze the coefficients of the Feller generator —q (x, Dx). This indicates that the 
path behaviour (of a Feller process) which only depends on short-time increments 
should be similar to the behaviour of a Lévy process. As we will see, this is indeed 
true, but unfortunately all proofs in the Lévy setting break down as they often rely 
on independence and translation invariance. Much has been discovered about this 
special class of Markov processes in the last 20 years so that a complete account is 
not possible. Instead we concentrate on a few areas where significant progress has 
been made in the recent past. In particular, we want to outline how one can move 
from Lévy to Lévy-type processes. We also take the opportunity to streamline and 
improve some results in the literature; in these cases we include complete proofs or 
point out how to modify the known arguments in order to get stronger results. 

Most of the results in this section remain valid if we consider any strong Markov 
process admitting a symbol (in the sense of Definition 2.41, see Example 2.42). In 
order to keep things simple, we restrict ourselves to Feller processes. 

It might be instructive to have a look at sample path properties of Lévy processes. 
The classic references are the survey papers by Fristedt [112] and Taylor [318] as 
well as the monograph by Sato [267]. Bertoin [27] is the best source for potential 
theory and the fluctuation theory of Lévy processes, and Xiao [353] contains an 
up-to-date survey on all aspects of fractal dimensions. 
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112 5 Sample Path Properties 
5.1 Probability Estimates 


Probability estimates, e.g. for the tails of the distribution or for the maximum 
of a stochastic process, are important tools if one wants to consider sample path 
properties. In this section we derive some (maximal) estimates for Feller processes 
and their exponential moments which we will use later on. 

Let (X;);zo be a Feller process with generator (A, D(A)), C°(IR“) C D(A) 
and symbol g(x, €). By Theorem 2.27(d) the symbol is locally bounded, i.e. for 
any compact K C IR?, there exists a constant Cx > 0 such that 


sup |g (x, §)| X Ck(10--|£P) VEER’. (5.1) 
xe 


Theorem 2.31 gives equivalent conditions for (5.1) in terms of the Lévy triplet. 

As usual, we denote by P* and IE* the probability measure P(- | Xo = x) 
and the corresponding expectation, respectively. Recall from Definition 1.35 and 
Proposition 1.36 that 


( f(X) -— Í ' Af (X) ds, s) (5.2) 


t20 


is for any x € IR and forall f € C°°(IR“) a local martingale under P* with respect 
to the natural filtration FX = 0 (X; : s € t) of the process. 


Maximal Estimates for the Transition Probability. For any x € R? andr > 0 
we denote by 7; := Tga.) the first exit time of (X;);zo from the ball B(x, r), 


T = ta) = inf {t >0 : X; € B'(x, r)). 


r 


Note that c? is intimately connected with the supremum of the process, 


bz <t} C {sup< | Xs — x| >r} c {r <t} C {supe Xs -x| =r}, (5.3) 
and we will use these relations to obtain maximal inequalities for (X;),2o in terms 
of its symbol. For a general class of Lévy processes, such estimates were obtained 
for the first time by Pruitt [245], and for Feller processes in [277]. Our exposition 
follows the ideas developed in [277, Sect. 6], resulting in both simpler proofs and 
stronger results; therefore, we will include complete proofs. 

The following upper estimate is implicitly contained in [277, Lemma 6.1, Corol- 
lary 6.2 and Lemma 5.1] under the assumption that the generator A has bounded 
coefficients, i.e. (5.2) holds with K = R¢, cf. Theorem 2.31. The following version 
is valid for all processes with locally bounded coefficients where (5.1) holds for all 
compact sets K C IR^. 


! Caution: If we consider more general processes admitting a symbol, one has to assume (5.1). 
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Theorem 5.1. Let (X;);>0 be a Feller process with generator (A, D(A)), symbol 
q(x, E) and C? (R^) C D(A). Then 


P'"(u <t)<ct sup sup |q(y,§)| Vxe Rf, r,t >0 (5.4) 


|y—x|&r |€|<1/r 
holds with an absolute constant c > 0. 
Proof. Pick u € C%°(IR“) such that suppu C B(0, 1) and 0 € u € 1 = u(0). For 


any x € IR andr > 0 we set u*(-) := u((- — x)/r). Then, u? € C (IR^) C D(A). 
By (5.2), 


[^U 


Mat OS f Ca. D)uiX)ds t>0 
0 


is a martingale for the canonical filtration ae )izo under P*; moreover Mo = 0, 
hence IE*(M,;) = 0 for all t > 0. Then, 


E* (1—u*(Xjazs))  E* (/ * qt. D) «aoa l 
0 


Therefore, 


P <t) < E* (1 = ux (Xin) 


tat 
=E f q(X, DjA) ds 
0 


[d 
=E «anuo 
0 


ds 
y-X,— 


0 
= E* f i (tyson 1 et qty, £) i, (5) a) 


tATB(x,r) 
<E Í dip i] lae DE dé 


|z-x|«r 


SEF (LA tsen) sup f lg. Olla Lat (5.5) 


z—x|«r 


gi Í sup (46 £l v |a(ré)| dé 


|z-x|«r 


=y F sup |g(y.£/r)||a(é)| dë, 


|y—x|<r 
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where the second equality (line three) follows since we are integrating with respect 
to Lebesgue measure and since t > X; (o) is (P*-a.s.) a càdlàg function which has 
at most countably many jumps on [0, t], i.e. (s € [0, t] : Xs zz Xs—} is almost surely 
a set of Lebesgue measure zero. Using (2.34) from Theorem 2.31 for the function 
E > q(y, E£/ r), see also [274, Lemma 2.3], we get 


i) lay. €/r)|l@(E)| dE € 2 sup sup |g(y.] [ + MDM dn 


ly—x|<r e I§IS1/r 


= Cy sup sup laCy, E|, 


ly-x|&r |é| &t/r 
where c, = 2 f (1 + |n|*)|a(m)| dn < oo is an absolute constant. Thus, 


P*(t¥ <t)<c,t sup sup |q(y,&)| 
ly—x|<r lẸl<1/r 


which proves the assertion. o 
In view of (5.3) we get, without proof, an upper maximal inequality. 
Corollary 5.2. Let (X;);zo be a d -dimensional Feller process with symbol q(x, E) 


as in Theorem 5.1. Then 


P* (sup|X; — x| >r)<ct sup sup |q(y.£)| Vx eR/,rt»0 (5.6) 


s&t |y-x|&r |E]&t/r 


holds with an absolute constant c > 0. 


The proof of Theorem 5.1 immediately gives the following lower bound for the 
expectation of t. 


Corollary 5.3. Let (X;);zo be a d -dimensional Feller process with symbol q(x, E) 
as in Theorem 5.1. Then 


E*(1;) > : Vx ed, r0 
SUDI,.. «|, SUpjs sy, l4. &)] 


where c is the absolute constant from (5.4). 


Proof. From (5.5) we see 


P'(u <1) < E'( ^q) sup [ «c enisi at 


|z—x|<r 


Letting t — oo gives 


isio) sup fue DIENE, 


|z—x|<r 
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and we can estimate the right-hand side of this inequality as in the last part of the 
proof of Theorem 5.1. oO 


Example 5.4. The function q(x, £) = (1 + |x|*)|&|% with œ € (0,2) and B < «isa 
negative definite symbol. It may be seen as the symbol of a symmetric a-stable Lévy 
process which is perturbed by the unbounded coefficient (1 + |x|’). Example 3.36 
and Theorem 3.35 guarantee the existence of a Feller process with this symbol. 
Then, for all x € IR andr,t > 0, 


P* (ty xt)zct? sup (1+ |y |^). 


|y—x|<r 
Ifa = f one can use the argument following Theorem 3.8 to guarantee the existence 
of a process with the negative definite symbol g(x, E£) = (1 + |x|*)|&|*. o 


The following counterpart of Theorem 5.1 presents an upper bound for the tail 
probability of the first exit time from a ball. 


Theorem 5.5. Let (X;),2o be a Feller process with generator (A, D(A)), symbol 
q(x, &) and C (IR^) C D(A). Then 


-1 
Pu St) <e ¢ sup inf teu.) VxeR/, rt»0 


lél<1/(rk(x,r)) lir 


p edt . 
JE| &1/(kr) |y -x|&r |l | Imq(y, &)| 


(5.7) 
where c = 4/ cos J/2/3 and 
k(x,r) := i > (arccos 2/3)" : sup ReqOs$) 5 r 


From the very definition of k(x,r) we find that for all |£| < 1/(rk(x,r)) and 
ly - x| <r, 


Req(y, €E) = 2r|£| |Imq(y. &)]. (5.8) 


Conversely, if we fix r > 0 and if (5.8) holds only for small values of |£|, 
then k(x,r) will be large but still stay finite. This observation allows us to use 
Theorem 5.5 in many situations, e.g. for Feller generators whose symbol satisfies 
locally uniformly Re q(x,&) > |£|* with a € (0,2) and |Imq(x, £)| x |E] as 
j| > 0. 


Recall that f x g is a shorthand for cf(t) < g(t) < Cf(t) for all t satisfying the specified 
condition and with absolute constants 0 < c < C < oo. Similarly, f > g means that we have 
Cf (t) = g(t) for some C < co. 


116 5 Sample Path Properties 


Theorem 5.5 becomes particularly simple, if the symbol g(x, &) satisfies a sector 
condition. This means that there exists a constant « such that 


|Inq(x,£)| € «kReq(x,£) Vx,& e Rf. (5.9) 


Then it is not hard to see that k(x, r) = ko := (arccos ZBY. This proves the 
following result. 


Corollary 5.6. Let (X;);zo be a Feller process as in Theorem 5.5. If the symbol 
q(x, £) satisfies the sector condition (5.9), then we have for all x € IR? and r,t > 0 


-1 
P(t >t)<c ( sup inf feq.) (5.10) 


£I &1/(kor) ly—xI&r 


and 


-1 
P*(sup|X, —x| < ree ( sup inf feq.) (5.11) 


E IEI<1/(kor) bile 


with kọ :— (arccos ZB)” and c = 4/ cos 42/3. 


Example 5.7. a) Let q(x, E) be the symbol from Example 5.4. Then, for all x € R? 
and r,f > 0, 


P*(r*zrf)xctr' sup (14 |y]! < ctr 


|y—x|<r 


with c = 4/ cos 2/3. 

b) Let q(x, £) = a(x)|E|* + ib(x) - £j where a : IR — R and b : IR^ — IR are 
bounded and Lipschitz continuous functions such that a(x) > 0 for all x € IR?, 
and œ € (0,2). Example 3.9 shows that there is a corresponding Feller process. 
Note that the sector condition (5.9) fails for this symbol. By Theorem 5.5, we 
have for all x € R? and r,t > 0, 


4 re 
cos ,/2/3 arccos* /2/3 t inf x, a(y) 


P*(t St) < 


The proof of Theorem 5.5 needs one further ingredient. Recall that Âp denotes the 
full generator, see Definition 1.35. By definition, if (u, Au) € Ap, then the process 
defined by (5.2) is a local martingale. From Theorem 2.37(1) we know that 


CP (R^) c D(A) => CQ(R?) c D(A) := {fu : 3!w € B(E), (uw) € A}. 
(5.12) 
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Here D(A) is the extended generator (1.51). The necessary uniqueness is guaranteed 
by Theorem 2.37(a). 


Proof (of Theorem 5.5). 'The first part is a modification of the proof of [277, Lemma 
6.3]. Therefore, we only sketch the differences. For simplicity, we write k instead 
of k(x, r). Let e € R? with |e| € 1/k, then 


P* (t7 > t) = P(X- x| zr t >t) 


X,—x) 1 
< P* (cos C > cos T T > ] 
r 


Xia =x): 1 
xp c (Xin i ALI > cos ) : 
r k 


(5.13) 


In the first inequality we have used the fact that on the set (77 > t}, 


(X; — x):€ < |X; — x] - [e] 


1 x 
< Je] € — < arccos y 2/3 < —, 
r r k 4 


and that the function x > cos x is decreasing in [0, 7/4]. 


Now we use the extended generator (5.12): For any x,e € IR? andr > 0, we 
have 


cos Cao e C£ (R^) c D(A). 
By Proposition 2.27(c) with ez(x) :— eit 


eA E) = e (Ae) = —qG. E) Vx.zE ER? 


A (cos s) (224 (re E c (z) 
— Re E c a) o] 


= — Re E 169a e/ n| 


and thus 


yields, together with (5.13), 


P(t} >t) 
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1 ] [^U X, : 
= : | = e f TR: e Re q(X,,€/r) ds 
COS ¢ 0 r 


f [^T X. : 
«E ja Imq(X..¢/") as 
0 r 


1 ] [^T X : 
cos i 0 r 


k 
x (Rea, €/ r) — tan Aas Imq(X..¢/")) | asl : 


On the set (77 > s} we have 


X,—x)- 1 
acce < |e| € — < arccos 2/3 
F 


a~ 


and some elementary calculations yield 


(X,—x)-€ 3 |X; — x] - le] 3le| 
an <x: < . 
r 2 r 2 


t 


The inequality above combined with the remarks on the estimate (5.8) directly 
below Theorem 5.5 give 


P(t} >t) 
1 LAU X,— i 
z 0 
3le| 

x Re q(Xs,€/r) — ——|Imq(Xs, e/r)| ds 

1 1 tae Xs — i 

< 1--E* Q4 m ecd Edi 

COS + 4 0 r 


—x|&r 


1 t cos r . ook 
p e Ns Req(y.e/r) | P*(t* >t)|. 


l cos x : x x 
ES E 1 (, in Req(y.</?)) EX (t ^ 77) (5.14) 


y-x|&r 
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That is, 


P(t >t)< 


-1 
(4 +t | inf Req(y, <i) 
y-x 


cos i |&r 


4 D 
EY (: inf Reg ej) 
|y—x|<r 


< 
COS r 


4 -1 
< —————[|t inf Re efr ; 
cos V2/3 ( ly-x|&r qo. e >) 


Taking the infimum with respect to |e| < 1/k, we obtain 


-1 
E 4 
P*(u >t) < ————|t sup inf Req(y.£) ; 
cos J/2/3 V |gi/(a) ly-xI&r 


Finally, since (7? > t} = U,>1 fae -1— 1), the proof is completed with the usual 


continuity of measures-argument. oO 


Similar to Corollary 5.3, the following conclusion is deduced from the proof 
above. 
Corollary 5.8. Let (X;);zo be a d -dimensional Feller process with symbol q(x, E) 
and with k(x,r) as in Theorem 5.5. Then, for any x € R? andr > 0, 


4 


E~ (t7) < - 
(cos 2/3) SUD[e| 1/4. 7)) Diy- Re q(y, E) 


and if q(x, &) satisfies the sector condition (5.9), we can replace the constant k(x,r) 
by ko = (arccos 2/3]. 


Proof. Write k = k(x, r) for simplicity. From (5.14) we get for any € € IR^ with 
le| < 1/k 


l /—x|zr 
COS r |y-x|&r 


i 1 cos ¢ . i 
0<P (ri >t)< Pli " inf Req(y,e/r) | W (t ^77) |. 


Thus, for any f > 0, 


1 E 
cos = ( inf Reqo.e/n) I" (t ^17) <4. 
k Nly-xlsr 


Letting t — oo and taking the infimum w.r.t. |e| € 1/k finishes the proof. o 
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If we combine the estimate from Theorem 5.5 with the strong Markov property 
and an iteration procedure, we can improve the tail estimate for r7. 


Theorem 5.9. Let (X;);zo be a Feller process with symbol q(x,&) and k(x,r) as 
in Theorem 5.5. For all x € IR? andr, t > 0, 


P* (ty > t) < exp | —co t sup inf Req(y,&) +1], (5.15) 
[| 1/ Qrk* (x,r)) ly For 


where co = cos J2/3/(4e) and 
2 R 
k*(x,r) = inf į k > (arccos y2/3) li sup — sup _Req(y,§) _ zr. 
\E|<1/(2kr) |y—x| &r él] Im q(y, &)] 


In particular, it holds that 


E* (rž) < : 


co: SUP inf Req(y,£) 
E &1/Qrk* (x.r)) l»—xIs3r 


If q(x, E) satisfies the sector condition (5.9), then we may replace k* (x,r) in the 
above estimates by ky = ( arccos 2/3) .. 


Proof. We use the notation from Theorem 5.5. For any x € IR^ andr > 0, let 


-1 
h(x,r):— sup l sup inf Regt.) , 


Iy-x|&r | [€lS1/(2rk(y,2r)) k-¥lS2r 


Then, according to Theorem 5.5, 


-1 
sup IP" (i. >t)<c sup | sup inf Req(z, J =ct!h(x,r). 


|y—x|&r ly—xl<r L |£|&1/Qrk(y.27)) lz-»ls2r 
In particular, 


sup P? (15, > ceh(x,r)) < e. 
|y—x|<r 


Fort > 0, set n :— [t/(ceh(x,r))| and t; = ceh(x,r)j for j = 0,1,...,n. 
Define (X, — x)? :— sup,<, |X, — x|. Then an application of the strong Markov 
property yields 
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P*(t* > t) < P* (sup, <; X; —x| <r) 


<P (ix; =x « r, Pset s; 4] Xs — Xyl < 2r Yj 90,1... n 1) 
n-1 " 

o px tj 

=E 1 aco <r} Le i Pio "uS 
= 


n 
<| sup E (1 " 
E ( been] 


< e" 


ux 


< exp (—t/(ceh(x, r)) + 1). 


For any y € B(x,r) we see that |z — y| < 2r implies |x — z| € 3r; on the other 
hand, if |z — x| < r, then |z— y| € 2r, and so supy,_,<, k(y,2r) € k* (x, r). Thus, 
we gather that 


-1 
iens sup inf fedes : 


IEIS I/C" Gr) Er 


This proves the first estimate. The second conclusion follows from the integral 
identity 


oo 
E” ty = f P*(t* > t) dt 
0 


and (5.15). Finally, if we assume the sector condition, we get ko = k*(x,r). oO 


We close this part by re-examining Example 5.7(a). 


Example 5.10. Consider q(x, €) = (1 + |x|?) |E|® with æ € (0,2) and B < a as in 
Example 5.7(a). Then, for any x € R4 andr, t > 0, 


P*(t* > t) < exp (~a ni d+ bi) < exp (—ctr*). o 
y—x|&r 


b 
Existence of Exponential Moments. For a Lévy process (X;);2o with symbol y 
and Lévy triplet (/, Q, v) it is well-known, cf. Sato [267, Theorem 25.3, p. 159], 
that for a submultiplicative function? g : IR^ — IR 


Eg(X,)«oo => 80) v(dy) < oo. 


ME 


3That is, g(x + y) € cg(x)g(y) for all x, y € R? and some constant c > 0. 
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In [183, Lemma 12] it was observed that we have a similar result for Feller 
processes. The following theorem contains a slightly more general result. 


Theorem 5.11. Let (X;);>0 be a Feller process in IR? with generator (A, D(A)), 
C9 (IR) C D(A), symbol q(x, E) satisfying q(x,0) = 0 and with x-dependent 
Lévy triplet (I(x), Q(x), N(x, dy)). If the symbol has bounded coefficients, i.e. 


sup |q(x. £)| <c +E) v& e R^ 


x€mR4 


cf. (2.34) in Theorem 2.31, and satisfies 


sup f e*" N(z dy «oo Vt eR (5.16) 
ly|21 


zeR4 


then E* e**: < oo for all t, x € R?. 


Proof. We prove the assertion only for d = 1, the case d > 1 increases only the 
complexity of notation. Pick 0m € C??*(IR), m > 1, with Leom) € Om X LBe2m) 
and set 


Um(Z) = 05(z — x)e-ig(z — x) = On (Zz — x)e «79$ Yz x, ER, mel. 


Recall that % = v; = inf {t -0:X,é B(x, k)}, k > 1, is the first exit time from 
the closed ball B(x, k), and denote by X;* = X;4;, the stopped process. 

By Theorem 2.37(f) we know that for any u € C??(IR) the pair (u, Au) is in the 
extended generator A; in particular (u(X;) — fy Au(X;) ds) 
Consequently, as um € C?*(IR) C D(A), we see 


+o 18 a local martingale. 


UK At 
E” un (X;*) — 1 = E* (/ Aum (Xs) 2 
0 
LI (/ An (X) ds) Ym >l,t>0. 
[0.7 At) 


Using the integro-differential representation (2.25) of the generator we get for all 
z € B(x, k) wherem >k +1 


Auin(2) = 10O + 5 Cus C) 


+f (une o mO- ad) NG 4 
RMO; 


= e_z- vlo E+ T00? 
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+ = (On(2- x + ye-i(y)-1-£- »x(»b) N(z, | 
= ecu - vlo £45008 
T = (c—ie() Fleg yx(ly)) N(z, dy) 


+ [M (&,-» +y)- ei) NG, d») 


= eik »| qG. it) J rte) net} 


In the last step we used that 5, (z — x + y) = 1 for |y| < 1 andz € B(x,k) with 
m > k + 1 along with the Lévy-Khintchine representation (2.32) for the symbol. 
Note that the boundedness of the coefficients and the integrability condition (5.16) 
of the Lévy kernel N(x, dy) enables us to extend q(x, Ẹ) to the complex plane. This 
proves 


|A[ eig] (z — x)| Xxe.ig(z—x).(&) VzelB(x,k)mzk-l 
where the constant «(£) :— sup er (lac. —i&)| + Áypa eË N(z, dy)) appearing 
on the right-hand side is finite because of the integrability condition (5.16). 


By construction, we have X** € B(x, k) under IP" for all s < tg, and we get for 
m > k + 1 and the definition of the function um = Ome—ig 


E~ p Al0me-ii (X — x) «s 
[0,t% At) 


< K(6) Í, LI 


— 


E* [e-ig(X;* — x)] - 1| < 


Now we can use Gronwall’s lemma, see e.g. [284, Theorem A.43, p. 360], to get 
BE [E09] «6*9 vkz1 x £cR. 
Since the symbol has bounded coefficients and satisfies q(x, 0) — 0, Theorem 5.1 


applies and tells us that limg—+oo Tk = oo in probability. By Fatou's lemma (and 
taking a suitable subsequence) we finally get 


E* [50:79] < lim E* [exp (E - (Xian —2))] & e", 


joo 


and the proof is complete. o 
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5.2) Hausdorff Dimension and Indices 


The notion of Hausdorff dimension is very useful in order to describe the roughness 
or irregularity of the paths of a stochastic process. Recall that the Hausdorff 
dimension of a set A C IR^, denoted by dimy A, is the unique number A € [0, d] 
where the A-dimensional Hausdorff measure H(A), defined by 


90 (A) :— sup H(A), 
e>0 


oo oo 
9 (A) := inf} V (diam B,)^ : B, Borel, | ] B, D Aand diam B, «eq . 


n=1 n=1 


changes from +00 to a finite value. Among the standard references for Hausdorff 
measure and Hausdorff dimension are Rogers [253] and Falconer [103]. 

Let (Y;);zo be a d-dimensional Lévy process with the characteristic exponent (i.e. 
symbol) y. For the study of the Hausdorff dimension for the sample paths of Lévy 
processes, various indices were introduced by Blumenthal-Getoor [32, Sects. 2, 3 
and 5]: 


"ol . us Rew) _ 
P" sup [s 0: im, PEE = oof 

- l sg 1— eTR VE 

pi = sup 8 >0: fi Ux žo), 
p = int} ee ma =o. 


It is not hard to see that 0 x f" < P’ x B x 2; if (Y;);zo is a symmetric a-stable 
Lévy process, all indices coincide; on the other hand there are examples such that 
the inequalities between the various indices are strict. The results for the Hausdorff 
dimension of the image sets of a Lévy process can be summarized as follows, see 
Blumenthal-Getoor [32], Pruitt [244] and Millar [228]. 


Theorem 5.12. Let (Y;);»o be a d-dimensional Lévy process with indices B", f! 
and p given above. For every analytic set E C [0, 1], we have 


f'dimy E, if 8 «d 


min(d, Bdimg E} > dimyY(E) > 
min(l,f"dimu E), iff’ >d=1 


almost surely. 


If E = [0,1] there are sharp results due to Pruitt [244] and Khoshnevisan 
et al. [180]. If dimu E < 1 and if B’ < f, one cannot expect that dimy Y (E) 
is a simple function of dimy E. Nevertheless, the Hausdorff dimension can be 
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characterized, cf. Khoshnevisan-Xiao [179]; the proof of this result involves 
additive (multiparameter) Lévy processes and capacities. We refer to Xiao [353] 
for an up-to-date survey. 

It is possible to generalize the results of Theorem 5.12. To do so we need a 
substitute for the Blumenthal-Getoor-Pruitt indices. The following definition is 
essentially taken from [277]. 


Definition 5.13. Let q(x, €) be a negative definite symbol. For every compact set 
K c R the generalized Blumenthal-Getoor-Pruitt indices (at infinity) are the 
numbers 


inf, cx inf UN R 

ôK := sup fa >0: lim Zex Mhs ™ E sit Rege, m = cof, 
Ig|+00 H 

= —— inf,ey inf, infi... Re q(z, 

6X :— sup fa >0: lim rek aisig E svi Re qo n) = oo}, 
l> H 


SUP. e y SUDp «1e SUDI [1/8 146 n) 


, 


BE =intfa > 0: lim =0 


=0 


gus ZI 20: lim Rex Phs Piels Iq (z, n)| 
lE] o ||? 


If K = {x} we use f% etc. as shorthand for pe etc. 


For Lévy processes and random walks the indices of type 6 are due to Blumenthal- 
Getoor [32], while the ó-indices were defined by Pruitt [245] for random walks and 
Lévy processes. A different generalization of the Blumenthal-Getoor index to Itó 
semimartingales has been suggested by Ait-Sahalia-Jacod [3, Sect. 2.1, Equation 
(5)]; note, however, that their index is itself a random process. 


Remark 5.14. a) It is easy to see that for all compact sets K C IR? 


0<% ep «BE «2 


—oo 


(<i = 6) «E <2. 


The relations between BÉ and 65, óK depend, in general, on the symbol q(x, £). 
b) One can show that 


8K —suplA >0: lim infrex infj-—x/<i/lg| Reg 5) — 
|g| +00 Hd 


^Proposition 5.2 in [277] assumes that the symbol has bounded coefficients, cf. Theorem 2.31, but 
this is actually not needed. Some of the definitions are streamlined and adapted to the improved 
probability estimates from Sect. 5.1. 
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Bf dub cg eee ca eS) _ 9 
l> ep 
whereas similar relations for the indices [s and E cannot be expected since 
their definition involves lower and upper limits, see [277, Lemma 5.1 and 
Proposition 5.2]. 

c) In [277] only the indices for K = {x} have been considered. Depending on the 
smoothness of the function x +> q(x, €) there are simple relations between the 
above indices and the indices where K = {x}. 

If q(x, &) satisfies the sector condition (5.9), we can interchange q and Reg 
in the definition of the indices. 

If there is no dominating diffusion (ie. Q(x) = 0) and drift (i.e. the 
sector condition (5.9) holds), then it is possible to characterize the general- 
ized Blumenthal-Getoor indices by integration properties of the Lévy kernel 
N (x, dy). For details, cf. [277, Proposition 5.4]. 

d) If q(x,£) = |£|*? is the symbol of a stable-like process where x +> a(x) 
is Lipschitz continuous, then 6%, = 63, = Br = BS, = a(x). Moreover, 
BX = SUPrex BS 

More generally, we have the following formula for 87., cf. [285, Proposition 
5.6]: 


— | A 
Bs, = lim sup leg la Gy. mT B 
Il>00 |y—x|<2/In) log || 


The following result presents upper estimates for the Hausdorff dimension for 
the image of a Feller process, and it partly extends Theorem 5.12. 


Theorem 5.15. Let (X;);>0 be a Feller process with the generator (A, D(A)) such 
that C°(IR“) C D(A) and symbol q(x, £). For every bounded analytic time-set 
E C [0, oo), 


dimyX(E) < min fa, sup AE dimy E} (5.17) 
K 


where sup x denotes the supremum taken for all compact sets K C R¢. 


Proof. Without loss of generality we consider only X, for t € [0, 1]. Fix x € Rf, 
R > |x| > 0 and set 2g :— {sup,<1 |Xs| < R}. Since (X;);zo has càdlàg paths, 
limg., oo P* ($25) = 1. 


Step 1. We claim that for every p > supy B& and t € [0, 1] 
P~ ( sup |X,— Xi| > | n 2 xchw? Vx eR, ue (0, uo] 


|s—t|<h 


(5.18) 
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where uo and c are two positive constants independent of h. By the Markov 
property, it is enough to verify that for sufficiently small u > 0 


sup IP ( sup |X, — y| > n) <chu”. 
|y| eR O<r<h 
According to Corollary 5.2, 


sup P ( sup |X, — y| > i) <ch sup sup sup |q(z.1)|. 


lylSR Oxrxh IylSR |z-y| €u |n| S1/u 


This, along with the very definition of BE, proves (5.18). 


Step 2. Now we follow the proofs of [276, Theoerm 4] and Shieh-Xiao [299, 
Lemma 4.7 and Proposition 4.8] (with some significant modifications) to get the 
desired assertion. 


Case l]: Suppose that dimyF < 1. For every constant y € (dimp £E, 1), there 
exists a sequence of balls {B (t; x, hj .)) j «21 such that 


oo oo 


EC U B(tjs, hj) Yj 21, lim suph;, =0 and sup 9 ^I, « oo. 


j—oo ; 
icu j kzl JE pay 


Without loss of generality, we may assume that hjg x 1/j for all j,k > 1. For 


j = 1, let 


QF := fo: sup |X,(v) — X,(v)| < uo) N 2g, 
|s—t|<1/j 


where uo is the constant appearing in (5.18). Note that 


X(E)CUJBQG,. D(tj4).h;x) with D@,h)= sup |X, — Xi]. 


k=1 |s—t|<h 


Then, for any j > jo and p > sup, BX, 


OE" (Dita, hj)" Lor ) 


k=1 


oo uo 
< yp of” WR (sh > u} A Pa) du 
k=1 
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oo up 
= yy. f yr ps ( 
k=1°° 


oo u 
< ovp; [ i yi?! (1 A (hj xu ”)) du, 
k=1 


sup [Xs — Xil > 4 ^a, du 


Is—t;k| hj 


where the last estimate follows from (5.18). It is elementary to verify that, up to a 
constant, the integral in the last term is bounded by cii with some constant c4 
which does not depend on jo and A; x. Therefore, 


oo oco 


sup ye (Ditjes hja)” Lor) X c2 sup Yw, « oo, 


ee te 
J7J0 p=] J7J0 p=] 


E~ (0 (X(E)n 28) < oo for every x € IR^. Using 
monotone convergence we get that 


which yields sup; 


2 jo 


ES (907 


"i (X(E)n 20) <oo and H”? 


R 
jo Uj (X(E) Q £21) « OO as. 
This implies that dimyX(E) < yp almost surely on QR. From (5.18) we infer 
lim j +00 P*(2*) = P(Qa). Letting first jo — co and R > oo, then y > dimp E, 
and finally p — sup, p t along countable sequences proves the first inequality in 
(5.17). 


Case 2: Suppose that dimy E = 1. We may assume that E = [0, 1]. For every 
j = 1 we cover [O, 1] by finitely many closed intervals Ej, :— [(k — 1)/j,k/j] 
fork = 1,2,..., j. As in the first case, we see that for any j > jo, R > 0 and 
P > supy Ba. 


J d 
1 
k-1 1\P E 
sup JE (D(F. Dac) ep sup 275 = ep 
40 k=1 “10 k=1 


holds with some constant c which is independent of jo. Thus, dimyX(F) < p 
almost surely on QR, and we obtain the first inequality as before, letting first 
jo — oo, then R — œ, and finally p — sup, B& along countable sequences. 

LH 


5.3 Asymptotic Behaviour of the Sample Paths 


We can use the symbol to obtain information on the local and global growth of 
the sample paths of a Feller process. For Lévy processes this is a classic topic and 
very precise LIL-type results and integral criteria are available. One of the first (and 
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still unsurpassed) work in this direction is Khintchine [178] (the essence of it is 
contained in Skorokhod's monograph [305, Appendix]), many details can be found 
in Fristedt [112] and Sato [267]. In particular for the LIL we mention the work by 
Dupuis [95], Savov [269] and Aurzada-Déóring-Savov [7]. 

Although such refined results are not available for general Feller processes, we 
can still give some polynomial asymptotics as £ — 0 and £ — oo. As for Lévy 
processes, the proofs for both regimes are similar, but the variable coefficients of a 
Feller generator require stronger uniform control for global (i.e. £ — oo) assertions 
than for local results (i.e. £ — 0). Let us illustrate this for a one-dimensional 
stable-like process (X;)/&o with symbol q(x,£) = |&["?, 0 < a(x) < 2, 
cf. Theorem 3.31; without loss of generality we assume that o is smooth. Set 
œo :— Q(xo) and denote by (Y;),2o the symmetric a@-stable Lévy process with 
symbol |£|*^. Intuitively, we have 


E — IF 0 ifà >= 
malim ls c 
t0 tl/A “sao gle co, ifA <a = a(x) 


cf. Blumenthal-Getoor [32]. While for the Lévy process the behaviour as t — oo 
can also be expressed in terms of o, the behaviour of the Feller process will 
certainly depend on a(x) as |x| — oo. This explains why the short-time results for 
Feller processes are sharper than the long-time results. Let us, therefore, concentrate 
on the short-time regime. 

Using the probability estimates from Sect. 5.1 and the generalized Blumenthal- 
Getoor indices from Definition 5.13 we can generalize [277, Theorem 4.3]. 


Theorem 5.16. Let (X;);>0 be a d -dimensional Feller process with symbol q(x, €). 
Then, P*-a.s. 


z— SUPg<;<; |Xs — x| E 


lim HA 0 VA > Br (5.19) 
X,— : 
lim Misal Slay yis p (5.20) 
t0 t m 
and, if the sector condition (5.9) is satisfied, 

—— su X,—x = 

ii Bossa = VA < B (5.21) 
su X,—x - 

lim Ee = VÀ < 83, (5.22) 

t—0 


where D... [A 5, and 65, are the generalized Blumenthal-Getoor—Pruitt indices. 
Clearly, the upper and lower limits in (5.19) and (5.22) are actually limits. 
Proof (of Theorem 5.16). Write (X. — x)* :— sup,<, |X, — x]. 
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Proof of (5.19). Assume that à > y > œ > pz, From Corollary 5.2 and the 
definition of the index P2, we know that 


p* ((X.— x)? > tr) <ct sup sup |q(y.n)| < ci. 


lx-y|tV |n r7 V» 
Now we take £ = % = 2^*, k > 1, and sum up the corresponding probabilities to 
get 
oo oo 
S P(O edt n ed y 27 9 ego 
k=1 k=1 
since a < y. With the usual Borel-Cantelli argument we deduce that 


x = 1/ _ 
P (jim, (o o Sud 1) =0 


or (X.(o) — x); < t” for all k > k(w) for Px-a.e. w. Fix w and k(o), pick 
t € (tk+1, tk] and observe that 


(X.(@) — x)? € (X.(@) 2 x); < i? s < 2M v/v 
Consequently, we find for all A > y 


(M^ (x, — xy x 2M vgMy-MVÀA y. (TP -a.s.) 


t—0 


Proof of (5.20). Assume that A > y > | . By definition of the index B; , there is 
a sequence (t,)x>1 C (0, 00) such that fj. > oo as k — oo and 


lim £," sup sup _|g(x,n)| = 0. 


K99 7 Jost Ix—yl<1/te 
Again using Corollary 5.2 we get 


P'((X.—x), >t!) Sc” sup sup |qGc 3| —9 0. 
í Inl&t |x—y|<1/tk k—oo 


Fatou's Lemma implies 


0 = lim IP* ((X. =x)" > tz ') =1- lim P* (X. -x)= < tc 1) 
k k—oo tk 


k—oo 


> — px | ae = * < —1 . 
i-r oco, e] 
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This shows 
P~ (ax. = < t, for infinitely many k) =1 
or 
_ Xo n O _ 
E 3A CES a FL [9-9 


The proofs of (5.21) and (5.22) are similar to (5.20) and (5.19), respectively. All we 
have to do is to use ô% ô% and Corollary 5.6 instead of B^ , B% and Corollary 5.2 


with some obvious further changes. 


oO 


In order to describe the long-time behaviour, we need a corresponding set of 
generalized Blumenthal—Getoor indices at zero. Again we follow [277]. 


Definition 5.17. Let g(x, €) be a negative definite symbol with bounded coeffi- 
cients, i.e. sup, cpa |g(x, £)| € c(1 + |£|?). The generalized Blumenthal-Getoor- 
Pruitt indices (at zero) are the numbers 


Bo: 


inf, cpa inf nl< 


e| Req(z,n) | 


L— inf.ema infi ES 


[3 


gReq(zn | 


SUPzeR? SUDp|; 


Hi 


ES Iq (z. n)| u 


lim 
lel>0 


lE 


SUPzer4 SUP], 


ó 


«|| la. n)| u 


lim 
|El>0 


lE 


Clearly, Bo < E, < ĉo and fo < So < ôo. 


ó 


o}, 
o}, 


o}, 
o}. 


The long-time counterpart of Theorem 5.16 now reads as follows. 


Theorem 5.18. Let (X;);zo bea d -dimensional Feller process with symbol q(x, £). 


Then, P*-a.s. 


SUpoz;«, |Xs — x| 


lim =0 
1—00 t 
lim SUPy<s<; | X; — x| = 


too 


"y 


and, if the sector condition (5.9) is satisfied, 


lim 
t—o0o0 


Suposs«; |Xs — x| E 


tA 


VÀ « Po 


VÀ « B, 


VA So 


(5.23) 


(5.24) 


(5.25) 
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X,— 
lim SüPoss«, [Xs — xl — oo VA > ĝo (5.26) 
too ps 


where Bo, By 8o and ôg are the generalized Blumenthal-Getoor—Pruitt indices. 


5.4 The Strong Variation of the Sample Paths 


Let p € (0,00) and f : [0, 00) — IR? be a (non-random) càdlàg function. The 
(strong) p-variation is defined as 


m-—1 


V (£ 10. (]) = sup ^ [/;4)) — f)" 


j=0 


where the sup is taken over all finite partitions 0 = tọ < tı < <+: < tm-1 < fy =f, 
m > 1, of the interval [0, £t]. There are other notions of variation which are often 
used in connection with stochastic processes, notably the quadratic variation which 
is defined as a limit along a given sequence of partitions whose mesh tends to zero. 
By definition, the strong p-variation is the largest of all these quantities,” and we 
restrict our attention to this quantity. A thorough discussion on p-variation can be 
found in Dudley-Norvaisa [88, 89, 90]. 

Let us mention, in passing, the quadratic variation of a Feller process (X;);>0 is 


[X.X] = lim, Y; 1X, — Xj al? = (XS, XS} + YO Ax. (5.27) 
tj—1,t; EM sxt 


Here M = (0 € tj € --- < tn = t} is a generic partition of [0, T] with mesh 
|I| := max; <j<m(tj — tj—1), the limit in (5.27) denotes convergence in probability 
(uniformly in compact f-sets) and along any sequence of partitions; (X€, XC) is the 
square bracket for the continuous part of the Feller process. This follows from the 
fact that a Feller process is a semimartingale and standard results from stochastic 
calculus for jump processes, e.g. Protter [243, Chap. II.6, pp. 66—67]. 

We will use the following result on the strong variation of Markov processes due 
to Manstavicius [217, Theorem 1.3] and [218, Theorem 3]. 


Theorem 5.19. Let (X;);>0 be a strong Markov process with values in IR^ and 
assume that there are constants a. > 0, B > (3 — e)/(e — 1) z 0.16395 and 
C, ro > 0 such that 


5By a classical result of Lévy, Brownian motion has a.s. finite quadratic variation while the strong 
2-variation is a.s. infinite, see e.g. [284, Theorem 9.8, p. 143] for an elementary proof. 
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a(t,r):= sup sup P* (|X, - xi 2 r) x Ctf£r *. Vt 2 0, r e [0, ro). (5.28) 


xen 0<s<t 


Then PP (V,(X, [0, t]) < oo) = 1 for all p > a/B and x € R°. 


Since a Feller process (X;);2o has càdlàg paths, there exists for every T > Oa 
random variable Mr (c) such that sup,ejo,r] | X; (9) — Xo(v)| < Mr(@) < oo a.s. 
This observation allows us to localize Manstavicius' condition. 


Corollary 5.20. Let (X;);zo be a strong Markov process with values in RÊ and 
assume that there are constants ot, B, C, ro > 0 such that for every compact set 
KCR 

a(t,r, K) := sup sup P* (|X, — x| 2 r) < Cgtfr™ Vt >00, r € [0, ro). 


xEK s<t 
(5.29) 
Then PP (V,(X, [0, t]) < oo) = 1 forall p > a/B and x € R°. 


Using Theorem 5.1 and the generalized Blumenthal-Getoor-Pruitt indices as in 
Definition 5.13, we get the following result on the p-variation of a Feller process. 


Proposition 5.21. Let (X;);>0 be a Feller process with symbol q(x, €) and denote 
by B* :— supy BX, where the supremum ranges over all compact sets K C R4. 
Then 


P*(V,QG[0,7) «oo) 2-1 Vp > p*, x eR’, t» 0. 


Proof. We want to use Corollary 5.20. 
It is clear that for all t, r > 0 and any compact set K C IR^, 


a(t,r, K) € sup P* (six. -x| > r) " 
xeK s<t 
Applying Corollary 5.2 yields 


a(t,r,K)<ct sup sup sup |q(y.n)|. 


x€K [n|i/r ly-x|&r 


By the very definition of BE we see that for p > B* > BE there exists some (small) 
To.k > O such that 


sup sup sup |4, m| «cr ? Yr e (0, rok). 


XEK |n|<1/r |y—x|&r 
Now we can apply Corollary 5.20. oO 


Example 5.22 (Continuation of Example 5.4). Let (X;);zo be a Feller process, 
whose symbol is given by q(x, £) = (1 + |x|?)|E|* with œ € (0,2) and B < a. 
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Then, for any p > o, the strong p-variation of the sample function (X;);>0 is 
almost surely finite. o 


Example 5.23. Let (X;);>0 be a Lévy-driven Ornstein-Uhlenbeck process, i.e. the 
strong solution of the following linear stochastic differential equation 


dX, = AX, dt + dl, Xo =x € Ri, 


where A € IR?* is a non-trivial d x d matrix and (L;);2o is a Lévy process in IR^. 
The corresponding symbol is given by g(x, E) = —i Ax - E + V (£), where y (E) is 
the symbol of the Lévy process. Let Boo be the upper Blumenthal-Getoor index of 
the Lévy process, i.e. 


y) _ 


dH e m ils Iv (&)] 
Bà = inf 0: i = =0 ER 


= GEN lim. 


Then, for any p > Boo V 1, the p-variation of the process (X;);zo is finite almost 
surely. o 


Example 5.24. Let (L;);zo be an n-dimensional Lévy process with the characteris- 
tic exponent y : R” — C, and consider the following SDE 


dX, = 6(X,)dL, Xo—xem? 


where ® : R? — R?” is locally Lipschitz continuous and satisfies the linear 
growth condition. According to the comment following Theorem 3.8 the unique 
strong solution (X;);>0 of the SDE has the symbol g(x, £) = v (o ! (x)£). 

Let Bo be the index from the previous Example 5.23. Then, for any p > Boo: 
the p-variation of the process (X;);>0 is finite almost surely. 


Proof. Note that for x,y € IR^, /w(E+n) < VYE) + VY), cf. Proposi- 
tion 2.17(c). Thus, for any compact set K C IR, 


sup sup sup |g(y.£)| = sup sup sup |v(9  ()&)| 


x€K [£«t/r |y—x|«r x€K |Ẹ|<1/r ly-x|&r 


<2sup sup sup |w(®'(x)é)| 
x€K |£|x1/r |y—x|<r 


+2sup sup sup |v([$ (y) — 6 ' GE). 
xeK |g|<1/r |y—xl<r 


Since (x) is locally Lipschitz continuous we find for every compact set K some 
constant Ly > 0 such that for all 


|O(x) -é(y) x Le|x—y| VxeK, ye RY, x -y| xr « I. 
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Thus, for all |£| € 1/r and x € K, y € Rf with |y — x| <r, 
Ile O) - BT El < PO) — 621 - 5| < Lely — x] |El < Lx, 


and so 


sup sup sup |V([P () —e'G9]£) | € sup Iyn). 


XEK |£|«1/r |y—x|&r InlSLx 


Since @ is locally bounded, sup, eg |®(x)| = Mx < oco which shows that for all 
x € K and |£| < 1/r we have |Ó ! (x)£| € Myr-!. Hence, 


sup sup sup |V('GOÉ)] sup |y). 


x€K |&|<1/r |y—x|<r In|<Mx/r 


Combining all estimates, we arrive at 


sup sup sup |q(y,§)|<2 sup |w(m)| +2 sup |Y). 


x€K |§|<1/r |y-x|&r In| <Mx/r InlSLx 


The conclusion follows from the definition of pe and Proposition 5.21. oO 


5.5 Besov Regularity of Feller Processes 


Describing the smoothness of functions is a central problem in analysis. Typically, 
one measures smoothness in terms of integrability and differentiability properties 
of functions. Take, as an example, the classical Sobolev spaces. By definition, 
u € W*?(R¢) if, and only if, u € S'(IR7) such that the distributional derivatives 
Vu € L (IR?) for all multiindices 0 < |a| < k. By Sobolev's embedding theorem 
W'-P(R^) — Cm@(R¢) whenever k > d/p + m, i.e. we get the existence of 
classical derivatives; if we fill the gaps between the integers k = 0, 1,2,..., we get 
fractional smoothness in the Hólder scale. Technically, this amounts to interpolation 
between L?(IR^) and W^? (IR), and this opens up the possibility to measure the 
smoothness of functions which have jumps, e.g. càdlàg functions which appear as 
trajectories of stochastic processes. The interpolation spaces which appear here are 
the Besov B5, (IR^) and Triebel-Lizorkin F Fe (IR?) scales. 

There is a huge literature on function spaces and we refer summarily to the work 
of Triebel [321, 322, 323, 324] for a general overview. Function spaces on domains 
are especially treated in Jonsson-Wallin [171], function spaces with extreme indices 
are covered by Runst-Sickel [260]. For a non-technical survey we recommend the 
chapter How to measure smoothness in Triebel [322, Chap. 1, pp. 1—86] and [324, 
Chap. 1, pp. 1-125] for recent developments. 
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It is interesting to note that function spaces and embeddings are at the very 
origin of the theory of stochastic processes: Wiener constructed “his” Brownian 
motion on the space 2 = {w : [0,oo0) > R? : w(0) = 0, @ continuous} 
and established, later on, the embedding of the Brownian paths into the Hólder 
continuous functions. The Kolmogoroff-Chentsov theorem is a Sobolev embedding 
theorem in disguise, see [280], and the paper Garsia-Rodemich-Rumsey [121] 
contains a sleek improvement of many Sobolev inequalities but seems to be only 
known by Gauss process aficionados. 

The first papers which treat Besov regularity of stochastic processes were Roy- 
nette [257] (Brownian Motion), Ciesielski-Kerkyacharian—Roynette [69] (Gaussian 
processes and symmetric a-stable Lévy processes), Herren [133] (Lévy processes) 
and, for Feller processes, [273]. 

As usual, we write 


Op := d(p —1)* and Ong i= d max{p™! — 1, q7! — 1, 0} 
and denote by AM the M -fold iterated difference of step h where 


Alu(x) = Anu(x) := u(x + h)— u(x) and Alu=u. 


Definition 5.25. Let 1 < p,q < oo and set for u € LPY! (IR^) 


q4 dh 
IZ 


il 
q 
lulls; , == lulle + (/, Ih | AZ u| ) Ve>0 (5.30) 
h|«e 


ifo, < s < M, and 


; 1 i 1 qr 
hull es, = llull» + f [7 al |AM u(x)|dh) — (5.31) 
n 0 I^ Sinjet t ; 
P 


ifoy, < s < M; the usual modifications apply if p = œ or q = oo. The Besov 
space B; , and Triebel-Lizorkin space 7; , are defined as 


BY (RY) = {ue Loi) : ulis, e oc]. 
F; (R9) = {ue LP 05) : Jules, < eo]. 


Note that (5.30) gives a family of equivalent (quasi-)norms,° i.e. the definition of 


Ba (IR^) does not depend on the parameter € > 0. The spaces nu (IR?) and 


6 Quasi indicates that the triangle inequality only holds with a constant: ||u + v|| < c(lul| + lvl). 
A quasi-Banach space is a complete quasi-normed vector space. Typical examples are the spaces 
L? with 0 < p <1. 
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P (IR) are Banach spaces if p,q € [l, o0] and we have quasi-Banach spaces 
if p or q is less than 1. 

There are various characterizations of the B- and F-scales which work for 
all indices p,q € (0,co] and s € R; for our purposes the range covered by 
Definition 5.25 is more than enough. 


Remark 5.26. All spaces appearing below are spaces of functions on IR^ and, for 
brevity, we will suppress the IR^ in the notation. 


a) Besov- and Triebel-Lizorkin scales accommodate many of the classical function 
spaces, cf. Runst-Sickel [260, Sect. 2.1.2, pp. 11-14]. For example for s > 0, 
m = 1,2,...and p,q € (0, co) we have 


Bp = Fop =W", Fy = W™? = H™?, 
Bho =, FhoL Fip =H 


where W are the Sobolev(-Slobodeckij) spaces, H are the Bessel potential 
spaces and @* are the Zygmund spaces (which coincide with the Hólder spaces 
C? whenever s is not an integer). 

b) Lete > 0,5 > 0, p,q € (0, co]. We have the following continuous embeddings, 
cf. Runst-Sickel [260, Sect. 2.2, pp. 29-32]. 


A54, Aba Yoq) and ASE 47, (5.32) 


where A stands for B or F, respectively. Moreover, 
Bou > Fig © Bj, > 0«u&xp^qxpvqxwxoo, (533) 


and for 0 < po < p < pi € oo, u,w È 0, 


SO S 51 : d EN d — d 
Bou > ng ~ Briw AE 4 2 —$——-—5— » (5.34) 


c) We have the following Sobolev-type embeddings, cf. Runst-Sickel [260, 
Sect. 2.2.4, pp. 32-33], 


>d, 
B, >C oed (5.35) 
sp=d and 0<q <1, 
>d, 
Fi >C = i” (5.36) 
sp=d and0<p<l. 


If we combine the definition of the Besov- and Triebel—Lizorkin spaces with our 
maximal estimates from Sect. 5.1 and the Blumenthal—Getoor—Pruitt indices, cf. 
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Definition 5.13, we can show the following generalization of [279, Theorem 4.2 
and Theorem 5.2]. Note that we do not assume that the generator has bounded 
coefficients, cf. Theorem 2.31.7 


Theorem 5.27. Let (X;);>0 be a Feller process with the negative definite symbol 
q(x, E) such that q(x, 0) = 0. For every x € IR? 
[tr Xivo] € BPR) P*-as.® 


whenever 


q € (0,œ), s» max(0, p ! —1! and s- sup {p,q, BE «1 
KCR, cpt. 


or q—0o, s> max{0, p ! — 1) and s- sup {p, Best: 
KCR¢, cpt. 


Similarly, 
[t > Xivo] € Fg R) P*-a.s.8 
whenever 


q € (0,00), s > max(0, p ! — 1, d^ —1}) and s- sup íp.q, pe} <1 
KCR¢, cpt. 


or q=, s» max(0,p !—1) and s- sup {p, BS} <1. 
K CIR, cpt. 


We can use the Sobolev embedding Remark 5.26(c) to show that certain 
trajectories do not appear in spaces of the B- and F -scales. For this it is important to 
make sure that the Feller process does have jumps. For this we need that the jump- 
part of the symbol is uniformly (in x) non-degenerate. If ( X;);20 is a Feller process 
with symbol q(x, £), then write p(x, €) for the jump part, 


p(x,&) =| (1—e% + i£- yx(vD) N(x, dy), 
R¢é\{0} 


cf. (2.32). If inf, Re p(x, £) > 0 for some & € Rf, then the Feller process has a.s. 
jumps, cf. [279, Corollary 6.4]. Thus, cf. [279, Theorem 6.5], we arrive at: 


?In [279] weighted Besov- and Triebel-Lizorkin spaces are considered which allow to treat the 
whole trajectory on [0, oo). Here we confine ourselves to local assertions and for t € [0, 1], say. 
Since we do not have bounded coefficients, we have to use the indices BX, instead of B2... 

8 As usual, the exponent “loc” indicates that the function is locally, that is when multiplied with a 
test function y € C£? (R4), in the function space. 
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Corollary 5.28. Let (X;):>0 be a Feller process with the negative definite symbol 
q(x,&) such that q(x,0) = 0 and with uniformly non-degenerate jump part p(x, E£). 
Then we have for all x € IR and s > 0, p € (0,00), q € (0, 00] and any test 
function $ € C (R) 


P'([r e $()Xivol € BSR) =1 ifsp» Lorsp — 1, q € (0,1), 
P* ([t  $()Xvo] £ F; (R)) =1 ifsp»lorsp- 1, p € (0,1]. 


Remark 5.29. Theorem 5.27 covers all earlier results on Lévy and Feller processes 
from Ciesielski-Kerkyacharian-Roynette [69], Herren [133] and Schilling [273]. 
These papers rely on the characterization of Besov spaces by atoms and wavelets. 
Since this method might be interesting for other processes, let us briefly explain this 
characterization by wavelets (the characterization by atoms is very similar, cf. [273, 
Theorem 3.3] and the references given there). For details on the following result 
we refer to Triebel [324, Sect. 1.7.3, pp. 30—33]. To keep notation simple, we use 
a‘ A q t2 denote either the Besov b5, "T B’ or the Triebel-Lizorkin 1 zi F p a 


P4? Pq 
scales. For a double sequence A = (A jm) j>0,mez We set 


oo oo q/p 
. j(s-i 
If, = 32 ail > Rint) ! 
j=0 m--—oo 
1/4 
lale m M Yu PAm, meno Ol! 
j20,meZ 
LP(IR) 


(if p = co or q = œ we replace, as usual, the £”, L? etc. norm(s) by the (essential) 
supremum norm for £??, L® etc.) Let (Wjm)j>0mez be the one-dimensional 
Daubechies wavelets of smoothness k € IN where 


k » max fs, a s} for the B-scale 


2 
p 
k > max fs, om + 5 — s} for the F-scale. 


Then a tempered distribution u € S'(IR) is in the space A5, With 0 < p,q < œ and 
s € Rif, and only if, 


u= M Aj277W,. and llla, < oo. 


jZ0.neZ 


This representation is unique and we have A jm = 2// (u, Ym) where (-,-) means 
the application of the distribution to the wavelet. 
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When dealing with paths of stochastic processes, u(t) = X;vyo(c) will be a 
(random) càdlàg function, and all we have to do is to check the finiteness of the 
expression lA llas, , This can be done by (uniform) probability estimates since we 
know the structure of the coefficients À; m. This approach (for atoms rather than 
for wavelets) can be found in [273], modelled on the presentation in Ciesielski— 
Kerkyacharian-Roynette [69]. oO 


We close this section with a novel characterization of the Besov spaces 


B5, ,0. 1]) in terms of dyadic p-variation sums. Let 


oi 
VJ (u, (0, 1) := 37 |u(k277) - u((k — 1277)". 
k=1 
Then we have the following result by Rosenbaum [256]. 


Theorem 5.30. Let 1/p <s < land1 < p,q < œ. Then u € B5 ,((0, 1]) if, and 
only if, 


oo x 
lll? :— (O)| v Y GTA D < oo, 
j=0 


Moreover, if u : [0,1] — R is a Borel function and 0 < p < oo, then 
uc BiB (0. 1p, if the strong p-variation V, (u, [0, 1]) < oo is finite. 


Combining Proposition 5.21 with Theorem 5.30, we get the following partial 
improvement of Theorem 5.27 for the Besov scale. 


Proposition 5.31. Let B* := supy BE be the supremum (taken over all compact 
sets K C RÊ) of the generalized Blumenthal-Getoor-Pruitt index He cf. 
Definition 5.13 and Proposition 5.21. Then for all p > B* 


te» X(t,o)|oy € BYZ (0,1) ^ P'"-as. 


Chapter 6 
Global Properties 


The sample path properties in Chap. 5 describe the behaviour of the stochastic 
process locally. We will now turn our attention to global properties of the process 
and its semigroup; following Fukushima-Oshima- Takeda [118] we mean by global 
behaviour of a process questions like transience, recurrence, irreducibility, func- 
tional inequalities and so on. When studying such properties, one often needs not 
only Feller but also L?-semigroups. We refer, in particular, to Sect. 1.5 for situations 
when a Feller semigroup is also an L?-semigroup. Unless otherwise stated, we work 
again with E = R¢. 


6.1 Functional Inequalities 


Functional inequalities are powerful and efficient tools to analyse Markov semi- 
groups and their generators, see e.g. Wang [340] for the general theory of functional 
inequalities and their applications or Saloff-Coste [262]. The more general group 
setting is treated in Varopoulos—Saloff-Coste—Coulhon [332]. Let us briefly mention 
some well-known facts. 


(a) The Nash and Sobolev inequalities correspond to uniform heat kernel upper 
bounds of the semigroup, see Davies [79]. 

(b) The log-Sobolev inequality is equivalent to Nelson's hypercontractivity (Nelson 
[233]) of the semigroup, see Gross [127]. 

(c) The super log-Sobolev inequality (also known as the log-Sobolev inequality 
with parameter) is equivalent to the supercontractivity, and in some cases it 
implies the ultracontractivity of the semigroup, see Davies-Simon [81]. 

(d) The Poincaré inequality is equivalent to the exponential convergence of the 
semigroup, see Chen [59]. 

(e) Slower than exponential convergence rates are characterized by the weak Poin- 
caré inequality, see Róckner-Wang [251] and Wang [338]. 


B. Bóttcher et al., Lévy Matters III, Lecture Notes 141 
in Mathematics 2099, DOI 10.1007/978-3-319-02684-8_ 6, 
© Springer International Publishing Switzerland 2013 


142 6 Global Properties 


(f) The super Poincaré inequality is equivalent to the uniform integrability of the 
semigroup, as well as to the absence of the essential spectrum of the generator 
if the semigroup has an asymptotic density, see Wang and co-authors [336, 337, 
125,539]. 


In order to establish functional inequalities, many explicit criteria are known for 
diffusion processes and Markov chains, but only few results are available for jump 
processes such as Lévy- and Lévy-type processes. Using Bochner's subordination, 
cf. Sect. 4.2, we may deduce functional inequalities for certain jump processes from 
those for diffusion processes, see Bendikov-Maheux [19], Wang [341], Gentil- 
Maheux [122] and [289], [293, Chap. 13.3, pp. 233-242]. The following result from 
[289, Theorem 1], see also [293, Theorem 13.41, p. 236] for an abstract version, 
shows that certain functional inequalities are preserved under subordination. Let 
(E, Z(E), m) be a measure space with a o-finite measure m with full topological 
support. We write (-, -) j» and || - ||» for the scalar product and norm in L?(E, m), 
respectively; || - ||;1 denotes the norm in L'(E, m). 


Theorem 6.1. Let (T;);zo be a strongly continuous contraction semigroup of sym- 
metric operators on L?(E,m) and assume that for each t > 0, Ti | LE mn E m) 
has an extension which is a contraction on L'(E,m), i.e. ||T;ul|,1 < |\ull|,: for all 
u € L'(E,m)NL*(E, m). Suppose that the generator (A, D(A)) of (T;)izo satisfies 
the following Nash-type inequality 


ll; B (lulz) < (7Au w)p2, Yue D(A), luli: = 1. 


where B : (0,00) — (0,00) is some measurable, increasing function. Then, for any 
Bernstein function f , the generator f(—A) of the subordinate semigroup satisfies 


zlullz2 f (B (51ulz:)) € (FCA)u, u)r, Vu € DA), luli = 1. 


For the Bernstein functions f(A) = A", 0 < œ < 1, and the fractional powers 
(—A)* the result of Theorem 6.1 is due to Bendikov-Maheux [19, Theorem 1.3]. 
Our result is valid for all Bernstein functions, hence, for all subordinate generators 
f(—4A). Theorem 6.1 has several applications, e.g. the super Poincaré inequality 
and the weak Poincaré inequality for subordinate semigroups and the hyper-, super- 
and ultracontractivity of subordinate semigroups, see [289, Sect. 4]. Let us also 
mention that there is a corresponding version for non-symmetric semigroups, cf. 
[289, Theorem 2] and [293, Theorem 13.41, p. 236]. 

In general it is wrong, and at best extremely difficult to verify, that a Lévy- 
type or Feller process is subordinate to some diffusion process; take, for instance, 
an Ornstein-Uhlenbeck process driven by a symmetric a-stable Lévy process. 
Therefore, it is necessary to provide general criteria for functional inequalities of 
Lévy-type processes. Let us explain the method with a basic example and consider 
an Ornstein-Uhlenbeck process driven by an symmetric o-stable Lévy process. Let 
A be the Laplacian on IR? and set 
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Lyu(x) :2 -(-AY?u(x) — x- Vu(x), x e RP, 
with O < a < 2. The associated sub-Markov semigroup has a unique invariant (but 


not reversible) probability measure ug, cf. Albeverio-Rüdiger-Wu [4], which can 
be identified by its inverse Fourier transformation 


~ 1x —1l|g|e 
nos Le Smaga, E e RH. 


For any u € C?* (IR^), see Lescot-Róckner [202, Proposition 4.1] or Róckner-Wang 
[252, (1.9)], 


u 2 
Da(u, u) = -f uLgut dy = Ji Lia, Ip) eo dy po (dx), 
Ri RxR |x — yl Te 


D(Da) := {u € (us) : Da(u,u) < oo]. 


(6.1) 


According to Róckner-Wang [252, Example 3.2(2)], the semigroup ( P?);zo gener- 
ated by L, is not hypercontractive, i.e. 


| PP IL? (ug) L(g) = 00 Vt»0,q-pzl. 


Therefore, the log-Sobolev inequality does not hold for D,. In fact, since we have 
Ho (dx) = ma(x) dx with 


1 c 
< Mal x) S ——— 
c(1 EM [x 2) 4972 ( ) (1 d [x|2) 4 *e/72 


Vx e R7 


for some constant c > 1, see e.g. Blumenthal-Getoor [31, Theorem 2.1] or Chen 
[60, (1.5)], Corollary 6.3 below provides an even stronger statement: The super 
Poincaré inequality is not available either. Recall that the log-Sobolev inequality, cf. 
Gross [127], 


fe logi? du, € CDa(u, u), Vu € D(Dg), E diy (6.2) 
holds for some constant C > 0 if, and only if, the super Poincaré inequality 
E dus € rDg(u, u) + e O*" iu |u| dis) Vu € D(D,) (6.3) 


holds for all r > 0 and some constant c > 0, see Wang [340, Theorem 3.3.13]. On 
the other hand, Corollary 6.3 below also implies that the Poincaré inequality 


fe du, € CDa(u,u) Vue D(D,), IE? =0 (6.4) 


holds for some constant C > 0. 
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This example is typical for jump processes: Poincaré's inequality is, in general, 
the best we can hope for. 
Let us now generalize (6.1) and consider 


Douie I (u(x) — u(y) Go) — wON (lx — »D dy uv (9) 
T4 xIR4 (6.5) 
D(D,v) := {ue L'(uy) : Dav (u, u) < oo}, 


where p : (0,00) — (0,00) is measurable with Jowl ^ r2)p(r)r^-! dr < oo, 


and V : R^ — R is a measurable function such that 


1 va 
T —V(x) 
py (dx) := fue de 7-YG dx * dx 


is a probability measure. Then (D, y, D(Dp,v)) is a symmetric Dirichlet form on 


L? (uy), see e.g. Fukushima-Oshima- Takeda [118, Example 1.2.4, pp. 13-15]. The 
following result is taken from [348, Theorem 1]. 


Theorem 6.2. a) If there exists a constant c > 0 such that for any x, y € R4 with 


x £y 
(eh +e!) p(x- y) > c, (6.6) 
then the following Poincaré inequality 
2 
f(e- fudur) duy < c Day(uu), ue D(Doy), (6.7) 


holds. 
b) For all probability measures uy, the following weak Poincaré inequality 


2 
fe- [ dur) duy € o(r)Ds,y(u.u) t r|ulz,. «€ D(Dpv), (6.8) 
holds for all r > 0 with a(r) given by 


1 
inf — [(e"? + eV)p(|x — yp] 


0«|x—y|xs 


inf 


I Av (dy) uy (dx) < ^ 520 


Ix—y|»s 
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c) Suppose that there is a locally bounded measurable function w : RË — [0, oc) 
such that 


lim w(x) = oo, 
|x|-oo 


and for any x, y € IR with x £ y, 


Vo) > wx) + wO) 


V(x) 
e +e : 
ex — yl) 


Then the following super Poincaré inequality 


E duy € rDoy (uu) + B(r)my (uly, ue D(D,y), (6.9) 


holds for all r 0 with 


2| wd 
B(r) = inf ZELLEN bees +s <randt,s>0 
ee w(x) 
x|2t 


, 


infi; w(x) 
where for every t > 0 the function pi(s) is of the form 


2 SUPe<y Eo SUDI- «2; e" o 
Leb(IB(0, u)) ud eVG) 
z|«t 


2 supy4«;, e? 


< du>0 
Leb(B(0, u)) e eV) sandu 
z|€t 


To get an idea of the proof of Theorem 6.2, we sketch the argument for part (a). 


Proof (of Theorem 6.2(a)). For u € D(D, y) we have 


1 
5 ff eo «oo? nean ura 


1 
; ff EO +20) = 2u0w0) neto uto 


[vo (fum 
= f (w= f ntn) duv. 
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Furthermore, we find that 
1 2 
5 || (69 — «0 uv (ay) uv (a) 


1 
== (u(x) — uy)? p(lx — yDo(lx — yl)! wy (dy) uy (dx) 
; I o v(dy) iy 


-VG) 4. g-VO) 


= e 
«et ff (co - uo px = yl) 3 ar 
xy 
= cT! D,y (u, u), 
where we have used (6.6) 


e "7 VO) 


<c. n 
(eV) + e~YO)) p(|x — y) 


Using Theorem 6.2, we can get the following statement for the Dirichlet form 


(Da, D(Da)). 


Corollary 6.3. Let jy (dx) = e^? dx := Ce(1 + |x|) 4*9 dx with e > 0, and 
pr) = r—4*® with o € (0,2). Then the following assertions hold: 


a) The Poincaré inequality (6.7) holds if, and only if, € = a. 
b) If0 < € <a, then the weak Poincaré inequality (6.8) holds with 


a(r) = c (1+ r 679) 


for some constant cı > 0. 
c) The super Poincaré inequality (6.9) holds for some p : (0, oo) — (0,00) if, and 
only if, € > a; in this case 


d S) 


Bo) = e (: grb RS 


for some constant c» > 0. 


Using techniques from harmonic analysis, a sufficient condition for the Poincaré 
inequality for (Das, D(D,5)), cf. (6.1) with p(r) = r74~%e7*", œ € (0,2) and 
ô > 0, has been proved by Mouhot-Russ-Sire [229]. Using the generator of the 
Dirichlet form (D,v,D(D,,v)) and a proper Lyapunov function explicit criteria 
for functional inequalities of the non-local Dirichlet form (Dy, D(D,y)) have 
been obtained in [351, 63, 64, 348]. 
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6.2 Coupling Methods 


In this section we discuss recent results on the coupling of Lévy and Ornstein- 
Uhlenbeck processes, cf. [48, 292, 287, 289]. As an important tool in modern 
probability theory, the coupling method is primarily used in order to estimate total 
variation distances. Recently it became useful to prove ergodicity of stochastic 
processes, to get the rate of convergence towards the invariant measure, and to obtain 
the regularity properties for the transition semigroups, e.g. gradient estimates and 
Harnack inequalities. It has also turned out to be highly successful in connection 
with renewal processes and particle systems. Results on coupling for continuous- 
time jump processes are quite recent and, to the best of our knowledge, there are 
only theorems for Lévy processes and Lévy-driven SDEs. 

There are three different ways to study the coupling property of Lévy processes, 
and we will present them separately. Then we discuss the coupling property for 
Ornstein-Uhlenbeck processes and stochastic differential equations driven a Lévy 
process. Our standard references for various types of coupling are Lindvall [204] 
and Thorisson [320] for the classical theory, and Chen [59] for applications to 
Markov processes. 

Let us briefly recall the definition of the coupling property for Markov processes. 


Definition 6.4. Let (X;),2o be a Markov process on IR^ with transition function 
Di (X,-) and transition semigroup 7;u(x) = fua u(y) pi (x, dy). 


a) A coupling of the Markov process (X;);>0 is an IR2^-valued process 
(X7, X/),»o where (X/),2o and (X/),29 are Markov processes which have 
the same transition function p,(x,-) as (X;);zo, but possibly different initial 
distributions. 

b) (X7);zo and (X7);zo are called the marginal processes of the coupling process. 

c) The random time T :— infit > 0: X; = X/^j € [0, oo] is called the coupling 
time. 

d) The coupling is said to be successful if T is a.s. finite. 

e) A Markov process (X;);>9 admits a successful coupling (also: enjoys the 
coupling property) if for any two initial distributions 41, y2 € JV (IR^), there 
exists a successful coupling with marginal processes starting from u; and u2, 
respectively. 


It is known, see Lindvall [204] or Thorisson [319], that the coupling property is 


equivalent to the statement that 


Jim ja T; — wT =0 Yp, p € MC (R?). (6.10) 


As usual, M! (IR) is the set of probability measures on IR4, || - ||ry stands for the 
total variation norm, and LT, (4) = fga p;(x, A) (dx) is the left action of T;. 


Successful Couplings for Lévy Processes. The motivation behind this approach is 
the paper by Wang [342], which uses the conditional Girsanov theorem on Poisson 
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space as its main ingredient, and assumes that the Lévy measure has a non-trivial 
absolutely continuous part. The following result is taken from [287, Theorem 1.1] 
where we use an explicit expression of the compound Poisson semigroup and 
combine this with the Mineka and Lindvall-Rogers couplings for random walks, 
see [206]. 


Theorem 6.5. Let (X;);>0 be a Lévy process in R4 with Lévy triplet (l, Q, v) and 
transition function p,(x, dy) = I" (X, € dy).! For every € > 0, define ve by 


B), d : 
ve(B) := me) un eoe (6.11) 
víze B:|z ze, v(IR?^) = oo. 
Assume that there exist €,6 > 0 such that 
inf ve A (x * vA (RD) > 02 (6.12) 


xER4, |x|xó 
Then, there is a constant C = C(e,0,v) > 0 such that for all x, y € R? andt > 0, 


C(1 — 
Ip.) = p0 « EA na, (6.13) 


In particular, the Lévy process (X;)izo admits a successful coupling. 


Remark 6.6. Let us briefly indicate the strategy of the proof of Theorem 6.5. Since 
X = (Xi)izo is a Lévy process, we can decompose it into two independent Lévy 
processes X’ = (X7);zo and X" = (X/;zo. Denote by p;(x,-), pi (x.-). pj (x.-) 
and T;, T/, T/" the transition functions and transition operators of X, X’ and X", 
respectively. By independence, 7; = T/ o T,’, and we see that 


pr Ge.) pP, llv = up IT,u(x) — T,u(y)| 
Ulloo <1 
= sup |T/T/u(x) — T/T/'u(y)| 
u|leo X1 (6.14) 
< sup |T/w(x) — T/w(y)| 


IhllooS1 


= |p (x) — Di. 9m 


‘Tn fact, p, (x, B) = P*(X, € B) = P(X, € B — x) = p,(0, B — x) since a Lévy process is a 
translation invariant Feller process, cf. Sect. 2.1. 

?For u, v € My (IR4) we define u ^ v := u — (u — v)* , where (u — v)* is the Hahn-Jordan 
decomposition of the signed measure jz — v. 
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Since (6.10) is equivalent to the existence of a successful coupling, we see that X has 
the coupling property if one of its components, say X’, has the coupling property. 

If we split X in such a way that X’ has only large jumps and X" :— X — X', 
we can assume that X’ is a compound Poisson process; thus, X i = Sy, for some 
Poisson process (N;);zo and the random walk S, = X; +... + X, where the X; 
are independent, identically distributed random variables which correspond to the 
jump heights of the process X", i.e. the large jumps of X. 

From this it becomes clear that X’ admits a successful coupling whenever the 
random walk (S,),2o has a successful (maximal) coupling—and the latter can be 
ensured by a hands-on construction using the Mineka coupling; condition (6.12) is 
need for the construction of this particular coupling. o 


Formula (6.13) from Theorem 6.5 shows that 
lp; Gc.) — p(y, llr = OG") as t > 00 


holds locally uniformly for all x, y € R. This order of convergence is known to be 
optimal for compound Poisson processes, see Wang [342, Remark 3.1]. 

Roughly speaking, a pure jump Lévy process admits a successful coupling only 
if there is enough jump activity, and a Lévy measure with discrete support is usually 
not good enough for this. The condition (6.12) is one possibility to guarantee 
sufficient jump activity; intuitively, it is satisfied, if for sufficiently small values 
of e, ó > 0 and all x € B(0, 6) we have (x + supp(v-)) N supp(v.) Æ Ø. 


Example 6.7. In order to see that (6.12) is sharp, we consider a one-dimensional 
compound Poisson process with Lévy measure v supported on Z. Clearly, 


V6 € (0,1) Vx € B(0,8) : vA (8, * v(Z) = 0. 


On the other hand, all functions with f(x + 1) = f(x) for x € R? and n € Z are 
harmonic. By Cranston-Greven [75] and Cranston-Wang [76], this process cannot 
have the coupling property. o 


Wang [342, Theorem 3.1] establishes the coupling property for Lévy processes 
whose jump measure v has a non-trivial absolutely continuous part. The following 
consideration, cf. [289, Proposition 1.5], shows that this condition is more restrictive 
than (6.12). 


Proposition 6.8. Let (X;):>o be a d -dimensional Lévy process and assume that the 
Lévy measure satisfies v(dz) > po(z) dz where 


f dz z 
—— oo 
B.) Pok) 


for some py € Ll (IR? V (03), zo € R? and € > 0. Then, there exists a closed subset 


loc 


F C B(zo, €) and a constant 8 > 0 such that 
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inf ri (po(z) ^ polz — x)) dz > 0. 


xER¢, |x|xó 


Proposition 6.8 shows that Theorem 6.5 improves Wang's [342, Theorem 3.1], 
even if the Lévy measure v of (X;);>0 has an absolutely continuous component, 
see [289, Example 1.6]. In fact, based on the Lindvall-Rogers zero-two law for 
random walks, cf. Lindvall-Rogers [206, Proposition 1], we can give a necessary 
and sufficient condition guaranteeing that a Lévy process has the coupling property, 
see [287, Theorem 4.1 ]. 


Theorem 6.9. The following statements are equivalent. 


a) The Lévy process (X;)izo has the coupling property. 

b) There exists some tọ > O such that for any t = to, the transition probability 
pi(x.-) has (with respect to Lebesgue measure) an absolutely continuous 
component. 


If the Lévy process has the strong Feller property, i.e. if the corresponding 
semigroup maps B, (IR^) into C; (IR^), Theorem 6.9 becomes particularly simple.? 


Corollary 6.10. Suppose that there exists some tọ > 0 such that the semigroup 
T, maps Bj (IR^) into C, (IR^). Then, the Lévy process (X;)izo has the coupling 
property. 

In particular, every Lévy process which enjoys the strong Feller property has the 
coupling property. 


Based on Theorem 6.9, we also can find the connection between (6.12) and the 
existence of a non-trivial absolutely continuous component of the Lévy measure 
which extends Theorem 6.5 and Wang's [342, Theorem 3.1], cf. [287, Theorem 4.3], 


Theorem 6.11. Let (X;);>0 be a Lévy process on R? with Lévy measure v Æ 0, 
and for any € > 0 let v, be the finite measure defined in (6.11). If there exists some 
€ > 0 such that one of the following conditions is satisfied 


a) the k-fold convolution i, k > 1, has an absolutely continuous component, 
b) there exist > O and k > 1 suchthat inf  v** ^ (8, * v**)(IR“) > 0, 
x€R4, |x| xó 
then the process (X;)izo has the coupling property. 
Conversely, assume that (X;);zo is a compound Poisson process with a finite 
Lévy measure v(IR“) < oo. If (X;)izo has the coupling property, then there is some 
k > 1 such that v** has an absolutely continuous component. 


Successful Couplings of Subordinate Brownian Motions. Let (B;);>0 be a 
d-dimensional Brownian motion with initial value Bo. By definition, 


3A Lévy process is a strong Feller process if, and only if, the transition function p,(0, dy) is 
absolutely continuous with respect to Lebesgue measure, cf. Example 1.13(b). 
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E (£959) = el? E e RY t>o. 


Recall from Sect. 4.2 that a subordinator (5;),29 is a nonnegative increasing Lévy 
process with So = 0. Denote by (j1;);>0 the transition probabilities of the 
subordinator (S;);>0, i.e. ju (ds) = P(S, € ds); these are uniquely characterized 
by the Laplace transform, 


oo 
Lp (A) = / e™ u(ds) 2e t, 10, 
0 
where f(A) is a Bernstein function. 


We assume that (5,),2o and (B;);>0 are independent. The subordinate Brownian 
motion X, — BÍ defined by X; = Bs, is a symmetric Lévy process such that 


E (ef) = e D. — £ e m4, t>0, 


i.e. the symbol of a subordinate Brownian motion is f(|&|*). 

Before we construct a (maximal Markovian) coupling for the subordinate 
Brownian motion (X;);>0, let us review some facts of the so-called reflection 
coupling of a d -dimensional Brownian motion, cf. Lindvall-Rogers [205] or Chen- 
Li [61]. Fix x, y € Rf with x Æ y, and denote by (B; )izo a Brownian motion on 
R¢ starting from B; = x € IR. By Hx C IR7 we denote the hyperplane such that 
the vector x — y is normal with respect to Hx, and such that ix + y) € Hx y, ie. 


Hry = (ee Rf : (u- 468) x75) =}, 


Denote by Ry, : IR^ — R¢ the reflection with respect to the hyperplane Hx, y; for 
every z € R? 


Ryz—2z-2(z—- ix +y), x- y) ae 
Define 
ty = inf ft > 0 : BF cH. 
and 
palot Psi 
Bj. t > Try; 


that is, up to the random time r, y, (B yes. is the reflection of (B7),«., , with 


respect to the hyperplane H, y, and from Tx, onwards, (Bs, = (BP. 
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Because of the strong Markov property, (B))izo is a Brownian motion starting 
from y. 

Set B; :— (B7, B7). Then (B7 ),2o is a coupling of two Brownian motions 
starting from x and y € IR?, respectively. The coupling time 


TË, := inf{t > 0: B7 = Ê/} 


coincides with the stopping time r, ,. 
Assume that (S;);>0 is a subordinator which is independent of (B; ? )+>0. Set 


XP B = (B3, BL. 


Since So = 0, we see that Qr Dio isa COPIE process of (X,)izo starting from 
(x, y). For simplicity, let X7 = (X7, x? ^), and call (X;" P the reflection-sub- 
ordinate coupling of (X;);zo. Then the coupling time of (X; )+>o is 


TŠ, := inf {1 >0: X= i. 
We claim that for any x, y € R? we have TX. < oo almost surely, cf. [48, 


Xy 
Theorem 2.1]. 


Theorem 6.12. Let (X;);>0 be a subordinate Brownian motion on R? correspond- 
ing to the Bernstein function f, and denote by p;(x,-) be the transition function.* 
Then (X;);>0 has the coupling property; moreover, for any t > 0 and x, y € RË, 


ol f° cuo dr 
V2 Jo Jr 


lla.) 7 pr 9v < 2P (TŽ, > t) < 


If, in addition, 


is £203 
5—0 f^ fM) 


then there exists a constant C > 0 such that for sufficiently large values of t > 0 


€(0,co) VA»0, 


lprGe 9 — pi 9l € Clx ^ yly £^ (4). 


The key ingredient in the proof of Theorem 6.12 is the observation that 


TŽ, seanpe0:5 > TË} 


x,y 


where d is the coupling time of the H, ,-reflected Brownian motion. 


^See the footnote to Theorem 6.5 on p. 148. 
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Theorem 6.12 can be used to study the coupling of symmetric a-stable processes. 


Example 6.13. Let f(A) = A*%/? for some œ € (0,2). The corresponding 
subordinate Brownian motion (X;);>0 is the rotationally symmetric o-stable Lévy 
process. By Theorem 6.12 we find for sufficiently large values of t > 0 


C|x — y| 


l| pi Ge.) — prO Mv S m 


We also have a lower estimate. Fix x, y € R? and denote by Qr) the 
d -dimensional cube with centre z and side-length r such that x — y is normal to 
one of the cube's faces. Then let r > 2|x — y|, assume that f > 1 and note that, by 
scaling, 


Il pr Gc. ) — p, liry 
> |P (X; +x € Qy Gri) — P(X + y € Qs Geri) 
= | P (X, € Q.,(0. rt") — P (X; € Qay (x =¥, rt!/*)| 


= |P(XieQ9,,(0.7) - P(Xie Q,(x— yt". r))| 


= f pı(0,z) dz + / pi(0. z) dz 
Q xy (0,7)\Oxy((X-y)t e,r) Q (xy) Ver). (0.7) 
|x m yl d—1 x 
z r inf 0, 
ti/a aag 2) 


(pı (0, z) denotes the o-stable density at  — 1; it is continuous and strictly positive; 
see e.g. Sharpe [297] or Blumenthal-Getoor [31, Theorem 2.1] which implies that 
pi(0,z) x t7% A (t |z|-4—*)). Consequently, we find for rotationally symmetric 
a-stable processes 


|x — y| 
[tia 


pŒ) — pry. Mer x , t>. o 


Theorem 6.12 can be easily generalized to prove the coupling property of Lévy 
processes which can be decomposed into two independent parts, one of which is a 
subordinate Brownian motion, cf. [48, Proposition 2.8]. 


Proposition 6.14. Let (X;);zo be a d-dimensional Lévy process which can be 
decomposed in the following way 


X, = BÍ +X", 
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where (BP sa is a Brownian motion subordinated w.r.t. the Bernstein function f, 
and (X/),zo is some Lévy process. Let p;(x, +) be the transition function of (X;):>0.° 
Then there exists a constant C > 0 such that for t > O and x, y € IR, 


-y| eto) dr ) C + Ix — yl) 

x,)— Z < A A2 
IP) = n0. dh < (E22 = 3 
Proof. Let T} and T/" be the transition operators of (By )izo and (X7), 2o, respec- 
tively. Then the assertion follows from the calculation (6.14) and Theorem 6.12. O 


The Rate of Successful Couplings for Lévy Processes. We know from Theo- 
rem 6.9 that a Lévy process has the coupling property if the transition function p; (-) 
is absolutely continuous with respect to Lebesgue measure for sufficiently large 
times ź > 0. In this case, the transition function p;(x, dy) = IP (X, € dy) satisfies 


C(1-c-lx— 
li.) - pelos Iv <P aa Vr» 0. x,y € RÁ. — (615) 


It is clear that || p;(x,-) — p: (y, )||rv < 2 for any x, y € IR and t > 0, while 


tex pio) — ay. em 


is decreasing. This shows that it is enough to estimate || p; (x,-) — p;(y,-)||7v for 
large values of t. 

We call any estimate for ||p;(x.-) — pi(y.-)|[rv an estimate of the coupling 
time. For a general Lévy process admitting a successful coupling the rate 1//f 
from (6.15) is not optimal. For example, for symmetric a-stable Lévy processes we 
can prove, see Example 6.13, that 


1 
ll pix.) — pry, )\lrv x ma 3S t — oo. (6.16) 


This indicates that one should derive explicit estimates for the coupling property of 
Lévy processes. 

Let p;(x,-) and T, be the transition function and the semigroup of the Lévy 
process (X;),29 and denote by y. : IR — C the characteristic exponent. Assume 
that w satisfies the following Hartman-Wintner condition for some fo > 0: 


Rey() | d. 


nu e e. (6.17) 
>æ log(1 + |E) to 


>See the footnote to Theorem 6.5 on p. 148. 
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this condition ensures that the transition function of the Lévy process (X;);2o has 
for all £ > fg a (smooth) density with respect to Lebesgue measure, see e.g. 
Hartman-Wintner [130] or [184]. The following coupling estimate is from [292, 
Theorem 1.1]. 


Theorem 6.15. Let (X;);>0 be a Lévy process with transition function p; (x, -)6 and 
characteristic exponent Y : R — C. Suppose that (6.17) holds and 


Rew(é) = fE) ^ as || > 0. 


where f : [0, o0) > R is a strictly increasing function which is differentiable near 
zero and satisfies 


— (2 
lim f(r)|logr| « oo and ma < oo 
r0 = 


0 f(s) 


Then the Lévy process (X;)izo has the coupling property, and there exist two 
constants c, t) > 0 such that for any x, y € R and t = ti, 


pic. ) p, Mv <e f 1/10). 


We see from (6.16), which holds for symmetric o-stable Lévy processes, that 
the estimate in Theorem 6.15 is sharp. In [48, Theorem 1.1 and (1.3)] we showed 
that the following condition on the Lévy measure v ensures that a (pure jump) Lévy 
process admits a successful coupling: 


v(dz) > |z| 7 ez?) dz (6.18) 


where g is some Bernstein function. Theorem 6.15 uses a different condition in 
terms of the characteristic exponent y (E). Let us briefly compare [48, Theorem 1.1] 
and Theorem 6.15. If (6.18) holds, then we know that 


VÉ) = YE) + YuE), 


where Y, and Y, denote the pure-jump characteristic exponents given by the Lévy 
measures p(dz) = |z| 7 g(|z| ?) dz and « = v — p, respectively. Observe that (6.18) 
guarantees that u is a nonnegative measure. By [164, Lemma 2.1] and some tedious, 
but otherwise routine, calculations one can see that v, (E) =< g(|El?) as |E] > 0. 
If g satisfies [48, (2.10) and (2.11)]—these conditions coincide with the asymptotic 
properties required of f in Theorem 6.15—we can apply Theorem 6.15 to the 
symbol v, (£) with f(s) = g(s?), and follow the argument of [48, Proposition 2.9 
and Remark 2.10] to get a new proof of [48, Theorem 1.1]. This argument relies 


$See the footnote to Theorem 6.5 on p. 148. 
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on the fact that we can decompose the Lévy process with exponent y(&) into two 
independent Lévy processes with characteristic exponents y,(&) and y, (£). 

The considerations above can be adapted to show that we may replace the two- 
sided estimate Re y (£) = /f(|£|]) in Theorem 6.15 by Rey (E) > c f(|E|); this, 
however, requires that we know in advance that Y (€) — c f(|£|) is a negative definite 
function, i.e. the characteristic exponent of some Lévy process. While this was 
obvious under (6.18) and for the difference of two Lévy measures being again a 
non-negative measure, there are no good conditions, in general, when the difference 
of two characteristic exponents is again a characteristic exponent of some Lévy 
process. 

Theorem 6.15 trivially applies to most subordinate stable Lévy processes: Here 
the characteristic exponent is of the form f(|E|*), 0 < o < 2, but the corresponding 
Lévy measures cannot be given in closed form. Nevertheless the methods of [48] 
are only applicable in one particular case, while Theorem 6.15 applies to all non- 
degenerate settings. 


The Coupling Property of Ornstein-Uhlenbeck Processes. Let (X;");>0 be an 
n-dimensional Ornstein-Uhlenbeck process, which is defined as the unique strong 
solution of the following stochastic differential equation 


dX, = AX; dt + BdZ,, Xo= xe R”. (6.19) 


Here A € R”, B € R"*4, and (Zi)rzois a d-dimensional Lévy process; note that 
we allow (Z;);>0 to take values in any proper subspace of R. It is well known that 


t 
XP = ex + I eU794 B dZ,. 
0 


Let A be an n x n matrix. We say that an eigenvalue A of A is semisimple if 
the dimension of the corresponding eigenspace is equal to the algebraic multiplicity 
of À as a root of the characteristic polynomial of A; for symmetric matrices A all 
eigenvalues are real and semisimple. 

The following result provides a sufficient condition for the coupling property of 
an Ornstein-Uhlenbeck process, cf. [289, Theorem 1.1]. 


Theorem 6.16. Let p;(x,-) be the transition probability of the Ornstein-Uhlenbeck 
process (X7 )izo given by (6.19). Assume that Rank(B) = n (which implies n < d), 
and that (6.12) holds for some €,5 > 0 for the Lévy measure of Z;. 

If the real parts of all eigenvalues of A are negative, and if all purely imaginary 
eigenvalues are semisimple, then there is a constant C = C(e, 8, v, A, B) > 0 such 
that for all x, y € R” and t 0, 


I(x.) — pi 9l < —— A? 
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As a consequence of Theorem 6.16, we immediately obtain the following result 
which partly answers a question about Liouville theorems for non-local operators: 
A challenging task would be to apply other probabilistic techniques, based on Malliavin 


calculus [...] or on coupling [...] to non-local operators. 
(Priola-Zabczyk [241, p. 458]) 


In fact, under the conditions of Theorem 6.16, the Ornstein-Uhlenbeck process 
(X; )izo admits a successful coupling and has the Liouville property, i.e. every 
bounded harmonic function is constant. 

Recently, the coupling property for Ornstein-Uhlenbeck processes with values 
in a Banach space was studied in [350]. Unlike in the finite-dimensional case where 
the coupling property also holds for Lévy processes without drift, see Theorem 6.16, 
the infinite-dimensional setting requires a drift term to ensure the quasi-invariance 
of the process under shifts in the initial data; the latter is a key ingredient for the 
existence of a successful coupling of an infinite-dimensional Ornstein-Uhlenbeck 
process, cf. [350, Theorem 1.2]. 


Example 6.17. a) Let (Z;);zo be a rotationally symmetric o-stable Lévy process 
(0 < a < 2) in R”, and denote by (X;‘);>0 the n-dimensional Ornstein- 
Uhlenbeck process driven by Z;, i.e. 


dX, = AX, dt + dZ;, Xp =xeER". 


If the real part of at least one eigenvalue of A is strictly positive, then (X;');>0 
does not have the coupling property. Indeed, according to Priola-Zabczyk [241, 
Example 3.4 and Theorem 3.5], we know that (X7);2o does not have the 
Liouville property, i.e. there exists a bounded harmonic function which is not 
constant. 

By Lindvall [204, Theorem 21.12] or Cranston-Greven [75, the second 
remark following Theorem 1], (X7);zo does not have the coupling property. 
This example indicates that the non-positivity of the real parts of the eigenvalues 
of A is also necessary. 

b) By Theorem 6.9, any Lévy process with the strong Feller property has the 
coupling property. This is no longer true for an Ornstein-Uhlenbeck pro- 
cess. Consider, for instance, the one-dimensional Ornstein-Uhlenbeck process 
given by 


dX; = X, dt + dZi, Xo—xe€Hh, 


where (Z;);>0 is an -stable Lévy process on IR. According to Priola-Zabczyk 
[242, Theorem 1.1 and Proposition 2.1], we know that (X;),29 has the strong 
Feller property. From the first part of this example, we see that this process does 
not have the coupling property. o 


We will now estimate || p;(x,-) — p:(y,-)||rv for large values of t with the help 
of the characteristic exponent W (E) of the driving Lévy process (Z;);zo. We restrict 
ourselves to the case that the Lévy process (Z;);zo has no Gaussian part. Define 


158 6 Global Properties 


t 
o(p) :— sup f Rey (B e^ £) ds Yt,p>0 
|E|&p 40 


where MT denotes the transpose of the matrix M. Then we have, cf. [289, 
Theorem 1.7]: 


Theorem 6.18. Let p;(x,-) be the transition function of the Ornstein-Uhlenbeck 
process (X? ):zo on IR" given by (6.19). Assume that there exists some tg > 0 such 
that 


E Rey (BTe*^' £) ds 


-2n42. (6.20) 
l> log(1 + ||) 


If 
l exp (- [ evare" n ds) lEt? dE = O(g; (t?) as t > oo, 


then there exist tj, C > 0 such that for all x, y € R” and t È tj, 


lp, — pi €. Jlr < C le'* (x — y)| o'a). (6.21) 


In particular, if 
x T 
Eb f Rey (B! e^ E)ds is locally bounded, (6.22) 
0 


it is enough to assume (6.20) in order to get (6.21). 


Note that (6.22) is satisfied, if the real parts of all eigenvalues of A are negative, 
and 


Tm Rew (8'5) 0 
ijo ljk 


for some constant k > 0. 


The Coupling Property of Stochastic Differential Equations with Additive 
Noise. In this part we study the coupling property for the following d -dimensional 
stochastic differential equation (SDE) with jumps 


t 
X=xt | b(X,)ds+Z;, xeR?^,tz0, (6.23) 
0 


where b : IR — IR is a continuous function, and (Z;);>0 is a pure jump Lévy 
process on IR. 
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For such processes we do not have explicit formulae for the transition functions. 
This means that the approaches used in the previous parts will not work in 
the present setting. Based on the construction of an efficient coupling operator 
for the Markov generator corresponding to the solution of the SDE (6.23), the 
following result from [346, Theorem 1.1], which improves [203, Theorem 1.1], 
gives conditions for the coupling property of stochastic differential equations with 
additive noise. 


Theorem 6.19. Let (Z;)izo be a d-dimensional Lévy process with the Lévy mea- 
sure v satisfying the condition (6.12) for some constants €, ô > 0. If 


(b(x)—b(y,x—y)x0 Vx,yem? (6.24) 


then for every B € (0,1) there exists a constant C := C(B) > 0 such that for 
x, y € R? andt > 0, 


C(A [x — yl) 
Il p:(x,-) — pry, liry < — H/G-B ^ 


In particular, the solution (X;);2o of the SDE (6.23) has the coupling property. 


Example 6.17(a) shows that we need the condition (6.24) for the drift term b in 
order to get the coupling property of Ornstein-Uhlenbeck processes driven by an 
a-stable Lévy process. If the driving noise is a subordinate Brownian motion, we 
can derive explicit estimates for the coupling property. 

Consider the following stochastic differential equation 


t 
X, =x +f b(X,) ds + Ws,, (6.25) 
0 


where (Ws,);>0 is a subordinate Brownian motion on R and (S;);>0 is a subordi- 
nator which is independent of (W;);>0; we assume that the drift term b : IR^ > R7 
is continuous. The following theorem is from [346, Theorem 1.4]. 


Theorem 6.20. Let (Ws,);zo be a subordinate Brownian motion on R^ where 
(Si)izo is an independent subordinator with Bernstein function f. Suppose that 
b : R? — R4 is a continuous function satisfying (6.24), and there are two constants 
c > Oandm = 1 such that |b(x)| € c(1 + |x|"). Let (X;)izo be the unique 
solution to the SDE (6.25). Then, (X;)izo has the coupling property, and there exists 
a constant C > 0 such that for any t > O and x, y € RË, 


Il Pr (x, +) (y, )llrv < C| f -fo & 
pi) — piy, )lrv < Clix — y e NV IL. 
‘ i 0 Jr 
If, in addition, 


— f'2 
lim TE lim f(r)|logr| «oo and MEC ET 
r> logr r0 s>0 f-l(s) 
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then, there exists a constant C, > 0 such that for t > 0 sufficiently large 
a(x.) — Plv < Clx — XI £7 (G) 


The proof of Theorem 6.20 is based on the time-change argument developed in 
Zhang [355], and it is easy to see that Theorem 6.20 is optimal for symmetric œ- 
stable processes. 


6.3 Transience and Recurrence 


For Feller processes there have been several approaches to classify their recurrence 
and transience behaviour based on the generator or the associated Dirichlet form. 
For a survey of the potential theoretic approach, see Getoor [123] for unified criteria, 
and the related techniques we refer to Jacob [159, Chap. 6] and the references given 
therein. For non-symmetric Dirichlet forms we use Oshima's Erlangen lectures 
[234, Chap. 1.3]. 

In this section we will focus on the Markov chain approach using Foster- 
Lyapunov criteria which was pioneered by Meyn—Tweedie [223,224, 225,226,227]. 
Our exposition follows closely [43]. 

In the sequel, Leb denotes Lebesgue measure in IR or IR, and B is always a 
Borel measurable set. 


Definition 6.21. A process (X;);>0 on R is called 
a) Leb-irreducible if 


oo 
E* (f LX) >0 YB € Z(Rİ) with Leb(B) > 0, x € Rf; 
0 
b) recurrent with respect to Leb if 
oo 
E (/ t)ar) —oo VB € A(R’) with Leb(B) > 0, x € R^; 
0 
c) Harris recurrent with respect to Leb if 
oo 
P* (/ 15(X;)dt = x) =1 VB e Z(R^) with Leb(B) > 0, x € Rf; 
0 


d) transient if there exists a countable cover of IR^ with Borel sets B j such that for 
each j > 1 


E* (J 15,004) «oo Vxe R4 
0 
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e) a T-model if for some probability measure u € MM! [0, oo) there exists a measure 
kernel T(x, B) on R? x Z(IR^) with T(x,IR^) > 0 for all x such that the 
function x — T (x, B) is lower semi-continuous for all B € A(R“) and 


1 E*15(X) (d) > T(x,B) YB € A(R’), x e R*. 
0 


Of fundamental importance is the following recurrence-transience dichotomy 
which we take from [43, Theorem 4.2]. 


Theorem 6.22 (Recurrence-Transience Dichotomy). Let (X;)i»9 be a Leb- 
irreducible T -model, then it is either Harris recurrent or transient. 


In order to use this result we need criteria which ensure that a given process 
(X;)izo is a T -model. Following Tweedie [327, Theorems 5.1, 7.1] we have 


Theorem 6.23. a) (X,);zo is a T -model, if every compact set K C IR is petite, 
i.e. there exists a probability measure u € M'[0, oc) and a non-trivial (positive) 
measure v € M? (IR) such that 


f. E* 1,(X,) u(dt) 2v(B) VB € A(R), x e K. (6.26) 
0 


b) Let (X;)izo be Leb-irreducible and x +> YE" ( f(X,)) continuous for all functions 
f € C,(IR?). Then (X;);2o is a T -model. 


Note that Theorem 6.23(b) shows, in particular, that every Leb-irreducible C;- 
Feller process is a T-model. By Theorem 1.9 the condition that 7,1 € Cj is a 
sufficient condition that a (Coo-)Feller process is also a Cp-Feller process. The next 
theorem, cf. [43, Theorem 4.5], provides direct criteria for a process to be a Leb- 
irreducible T-model. 


Theorem 6.24. Let (X;);>0 be a Markov process on R? and denote its transition 
function by p,(x, B) := P* (X; € B). Then 


a) (Xi)izo is Leb-irreducible if 
pi(x,B)>0 YB € A(R“) with Leb(B) > 0, t>0, x e R^. (6.27) 
b) (X;)izo is a Leb-irreducible T -model if (6.27) holds and there exits a compact 
set T C [0, o0] and a non-trivial (positive) measure v € NC* (IR?) such that for 
all compact sets K C IR? 


inf inf p(x, B) > v(B) VB € Z(R?). (6.28) 
teT xeK 


Let us mention, in particular, two simple consequences of Theorem 6.24(b). 
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Corollary 6.25. Let (X;);+0 be a Markov process on R? with transition function 
pi(x, B) = P*(X, € B). Then (X;)izo is a Leb-irreducible T-model if the 
transition probability p;(x,-) is the sum of a discrete measure and a measure which 
is absolutely continuous with respect to Leb such that the density p;(x, y) satisfies 


P(x,y) >0 Vx,yeR?, t» 0, (6.29) 


inf inf p(x, y) » 0. Vy e R*, K C R? compact. (6.30) 
te[12] xeK 


Thus, we have in particular 


Corollary 6.26. A Feller process with strictly positive transition density is a Leb- 
irreducible T -model. Hence it is either Harris recurrent or transient. 


Having this dichotomy, we need further conditions which imply recurrence or 
transience. The following result from [43, Theorem 4.6] provides a necessary and 
sufficient characterization via the hitting times of balls. 

We write ogor) ‘= inf{t > 0 : X, € IB(0, R)} for the first entrance time of the 


process (X;);>0 into the closed ball IB(0, R). 


Theorem 6.27. Let (X;)izo be Leb-irreducible T-model, and R > 0 be some 
positive constant, then 


a) Vx € R? : PX (050.2) < oo) —] <= (Xpiizo is Harris recurrent. 
b) 3x e RZ : P* (omo. « oo) <1 € (Xi)izo is transient. 
Note that Theorem 6.27 shows that two Leb-irreducible 7'-models, which 


coincide outside some ball, have the same recurrence and transience behaviour, 
respectively. For Feller processes this has the following consequence. 


Corollary 6.28. Let (X;):>0 and (Y;)i.o be Feller processes on R? with symbols 
q* and q* and strictly positive transition densities. If there exists a compact set 
K C R such that 


q” xE) =q (x, E) Wx ¢ K, Ee R^ (6.31) 


and if for all starting points x € K the processes X, * := X,Ao, and Y/* :— Yi, 
have the same finite-dimensional distributions, 


(X75)izo ~ (Y? exo, (6.32) 


then (X:)izo and (Yi)izo have the same recurrence or transience behaviour. 


Note that in Corollary 6.28 the Condition (6.32) follows from (6.31) if the processes 
are unique for the given symbol. 

In contrast to Theorem 6.27 the following Foster-Lyapunov criteria provide 
only sufficient conditions. These where developed in Meyn—Tweedie [226], we 
follow the presentation of Sandrié [264, Theorem 2.3]. 
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Theorem 6.29. Let (X;)izo be a non-explosive Leb-irreducible càdlàg Markov 
process on R? with full generator A, cf. (1.50). 


a) If every compact set is petite, cf. (6.26), and if there exists a compact set K C R! 
with Leb(K) > 0 and a norm-like function u, i.e. 
(u, Au) e A and íx € Rd : u(x) € rj relatively compact for all r > 0, 
and if there exists a constant c > 0 such that 


Au(x) X clg(x) Vx € R^, (6.33) 


then (X+)tz0 is Harris recurrent. 
b) If there exist a bounded Borel measurable function u : R? — R+ and closed, 
disjoint sets E, F C R? such that 


Leb(E) > 0, Leb(F) >0 and supu(x) < inf u(x) (6.34) 
xeE xE 


and (u, Au) € A such that 
Au(x) 20 Yx¢gE, (6.35) 


then (X,),29 is transient. 


The function u appearing in Theorem 6.29(a) is sometimes called a Lyapunov 
function. 

The paper [192] contains the following generalization of Theorem 6.29(b) with a 
very simple proof based on Dynkin’s formula and the paper Azéma—Kaplan-Duflo— 
Revuz [8]. 


Lemma 6.30. Let (X;);zo be an IR? -valued, càdlàg strong Markov process with 
generator (A, D(A)) and full generator Ay. Let B € Z (IR^) be a bounded Borel 
set and assume that there exists a sequence (vj) jz1 C Cp (IR^) and some function 
v € C(R®), such that the following conditions are satisfied: 


a) A has an extension À such that Av; (x) is defined for all x € IR, (vj, Av;) eA 
and the limit lim; oo (vj, Av;) = (v, Av) exists locally uniformly. 

b) v = Oand infyeg v(x) > a > O for some a > 0. 

c) v(yo) < a for some yo é B. 

d) Av(x) < 0 for all x ¢ B. 

Then (X,)iz9 is transient. 


We close this section with a few examples. 


Example 6.31. a) (Symmetric stable process) A symmetric stable process on IR 
with characteristic exponent |£|* is Harris recurrent if, and only if, o > 1. 
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b) (Stable-like process—sharp switching) Consider the following negative definite 
symbol 


Jéj”, forx » 0, 


x,£ cR, 
£P, forx « 0, 


q(x, §) = 


where 0 < a, B. < 2. Assume that there exists a one-dimensional Feller process 
with this symbol and an everywhere strictly positive transition density. Then this 
process is Harris recurrent if, and only if, œ + p > 2, cf. [43, Theorem 5.2, 
Corollary 5.5]. 

(Stable-like process—periodic) A one-dimensional Feller process with symbol 
q(x, E) = |E|**?, where o : IR — [0,2], x => a(x), is a periodic function with 
Leb{a(-) = infjem a(y)} > 0 is recurrent if, and only if, infer a(x) > 1, cf. 
Franke [109, 110]. 

(Symmetric Stable-like processes) Related processes where the generator is a 
symmetric Dirichlet form were discussed by Uemura [328, 329]. For the discrete 
time analogues we refer to Sandrié [263, 265]. 

(Stable-like processes with drift) Sandri¢ [264, Theorem 1.1] proves the follow- 
ing results. Consider a Feller process on IR with the symbol 


c 


— 


d 


wm 


e 


wm 


q(x.£) = —iB(x) + yE, x, € ER, 


and set 


o (x)2e-1p (x1) 
c(x) := y(x) - 
mr (1 _ a(x ) 


If lim) joo o (x) > 1 and 


lim (sen) 2 ) ae 'B(x) + x cot (58) <0, 


|x|-oo 


then the process is recurrent. 
If 


Tim, (sen) xj"! p(x) + x cot (259) o. 


then the process is transient. 
Lyapunov function methods for general one-dimensional Lévy-type pro- 
cesses are discussed in [343]. 
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f) Consider the solution (X;, P;);>0 of the following system 


dX, = P, dt, 


dP, = —V.V(X;) dt — Vyc(X;) dL;, 

with initial condition (Xo, Po) = (xo, po) € R”. The driving noise (L;);>0 is a 
d -dimensional Lévy process, c € C?(IR7, IR^) and V € C?(IR?, [0, oo)). 

If V.c(x) is uniformly bounded, the process (X;, P;);+0 does not explode in 
finite time, cf. [192, Theorem 3]. 

If d > 3andif (L;);zo is a rotationally symmetric a-stable Lévy process with 
0 <a < 2, then (X;, P;)izo is transient. The proof, cf. [192], uses an explicit 
Lyapunov function v in the sense of Lemma 6.30: For y > 0 set 


v(x, p) = (3p? + V(x) - V) ? where Vo = inf V(x) — 1, 
x€mR 
and with the set 
B = ((x, p) e R” : |x| - |p| x 1) and a =, inf, ux, p). 
x.p)e 


The generator of the process (X,, P;);zo is for u € C? (IR?) of the form 
Au(x, p) = Vxu(x, p): p — Vpu(x, p)  (VXV(x) + Vxc(x) B) 
1 
+ 5 trace (Viuc. p)V.c(x) Q Vxc(x)") 
+f (u(x, p — Vee(x)y) — uG p) + 
R4\{0} 
+ Vpu(x, p)Vxe(x)y lady) Vady) 


where B = E? [Li -E< ALs1(1,00)(JALs|)] € R^ and AL; = Ls — Ls- 
denotes the jump at time s. 


Chapter 7 
Approximation 


We begin with a general remark on the convergence of operator semigroups based 
on Strang [308]. 

Let (AC), D(A)), k > 1, be infinitesimal generators of strongly continuous 
semigroups (yes on a Banach space (X,||- ||).! We are interested in the 
convergence of the semigroups. The limit (7;);>0 of "VET as k tends to oo can 
be considered in various topologies, a natural notion of convergence which preserves 
the semigroup property and the strong continuity is 


lim sup |T, Pu- zu] =0 Vu € X, t » 0. (7.1) 


k—00 txt 


Since locally uniform convergence preserves continuity, it is clear that (7.1) defines 
a strongly continuous semigroup (7;),20; by (A, D(A)) we denote its generator. 
Obviously, the following conditions are necessary for (7.1). 


(a) Uniform equi-boundedness (also known as stability): For each tọ > 0 there 
exists some C = C (to) > 0 such that 


sup sup sup Ir ull x C. 


k21 te[0,09] lul «1 
(b) Dense subset: lim, oo sup; <n || TH u — T;u|| = 0 holds for all u from a dense 
subset of X. 


For contraction semigroups, the uniform equi-boundedness condition is always 
satisfied with C(fg) = 1. For the convergence on a dense subset the following 


! Similar to the situation in (Coo (IR), || - lloo), cf. Definitions 1.1 and 1.2, we say that (T;);>0 is 
a contraction semigroup if ||7;u|| < ||u|| for all u € X, and a strongly continuous semigroup if 
lim,;—+o ||T;u — u|| = 0 for all u € X. The (infinitesimal) generator (A, D(A)), the resolvent etc. 
are defined analogously. 
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conditions are commonly used. We write C for any operator core of (A, D(A)), 
i.e. Ale = A. 


dense 
3D C D(A) Vue D, t » 0 : lim sup ||\(A® — A)T;u| = 0, (Lax) 


k—00 0<t Sto 


WueC: | Au — Au|| = 0, (Trotter) 


lim 
k—oo 


3-0 VueX: lim RO u— Ryu =0, — (Kato) 
c— 00 


where Ryu = (A — A)! and RP = (à — AC))7! are the resolvent operators at 


à > 0. If we assume that the semigroups yea are uniformly equi-bounded, 
then 


(Lax) = > (Trotter) = > (Kato). 


Counterexamples for the reverse directions can be found in Strang [308]. Trotter’s 
condition is most commonly used, and gives rise to the following equivalent 
statements, which we adapt from Kallenberg [172, Theorem 19.25, p. 385]. 


Theorem 7.1. Let (X;);>0, OU es, k > 1, be d-dimensional Feller processes 
with transition semigroups (T;):>0, (m oa on the Banach space (Cos (IR), ||-||o5) 
and generators (A, D(A)), (A, D(AV?)), respectively. Furthermore, let € be an 
operator core of (A, D(A)). Then the following assertions are equivalent: 


a) Vuc €. 3(u)kzi C D(A®) : limgz>o (lu— Ue lloo + Au — AC ug ||;s) = 0. 
b) limi soo ||T;4 — TP ula; = 0 Vu € Co (R4), t > 0. 
c) lim; soo sup;z;, Tru — T ull =0 Vue Co (R2), to > 0. 


d d 
d) yxy ——> Xo (convergence in distribution), then X? — X in the space 
k—oo 00 


of cadlag functions D100) (IR¢) equipped with the Skorohod J, topology.” 


For the implications a)=b), c), d) in Theorem 7.1 it is important to know that 
(A, D(A)) is the generator of a Feller semigroup. 

Note that only the fourth statement in Theorem 7.1 is probabilistic; it is based on 
the work of Mackevičius [214]. 


?Skorokhod's J; topology was introduced in Skorokhod [303], it is discussed e.g. in Billingsley 
[28, Chap.3, pp. 109-153], Ethier-Kurtz [100, Chaps. 3.5-3.9, pp. 116-147], Jacod-Shiryaev 
[170, Chap. VI] or Kallenberg [172, Chap. 16, pp. 307—326]. 
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7.1 Constructive Approximation 


So far, we have assumed that we already know that the limiting operator A is 
the generator of a Feller semigroup. If we drop this assumption, we find that, given 
the uniform boundedness, the convergence provided by Kato's condition yields 
that the corresponding semigroups converge uniformly on finite intervals towards a 
limiting semigroup. If the corresponding generators converge, we get the following 
theorem of Trotter [325, Theorem 5.2]. 


Theorem 7.2. Let (s. k > 1, be strongly continuous contraction semigroups 
on a Banach space (X, || - |) with generators (AU? , D(AU?)). Assume that 


a) the strong limit Au :— lim, oo Au exists for all u € D where D is a dense 
subset of (V... , D(A), 
b) for some à > 1 the range of A — A is dense in Cx (IR). 


Then the closure of (A,D) is the generator of a strongly continuous contraction 
semigroup (T;)izo where T;u = limi soo Tu strongly for all u € Cs; (IR^). 


The following result due to Hasegawa [131] allows to relax the conditions of 
Theorem 7.2; the price to pay is that the semigroup generator is not necessarily the 
smallest closed extension (i.e. the closure) of (A, D). 


Theorem 7.3. Let (D yes k > 1, be strongly continuous contraction semigroups 
on a Banach space (X, ||- ||) with generators (AV? , D(A“)), and assume that there 
is a dense subset D C Usi (ys, D(A) such that 


lim ||A@u—A™ul| 20 Vue D. 


k,m—>oo 


Then there exists a closed extension of (A, D) which generates a strongly continuous 
contraction semigroup (T;):>0 given by the strong limit T,u = limg—oo T for 
allu € Co; (IR?) if, and only if, one of the following equivalent conditions holds: 

a) lim |T?T/",— TT, 20 Vs,t >0, ue X; 


n,m—> oo 


b) lim |RØ®R™u-— R™®R®u|=0 Vue X; 


n,m—»oo 


c) lim |ru—TÓ"u4|20 Yt>0, we X; 


n,m—»oo 
d) lim ||Ru—R™ ull 20 Vue X; 
nm—>co 
where Ru = ^35 et TO dt is the 1-potential or resolvent operator (at à = 1) 
for the semigroup (y so. . : 
Furthermore, if there exists a dense set D C X such that for all u € D the limit 
Ru := lim, ,o5 Ru exists strongly such that Ru € D, then (T;);>0 is generated by 
the smallest closed extension (i.e. the closure) of (A, D). 


Note the last statement of Theorem 7.3 just recovers Theorem 7.2. 
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In order to apply the previous two results to Feller semigroups on the Banach 
space (Cos (IR?), || - o5), one can use the following result which is implicitly used 
in all standard proofs of the Hille-Yosida-Ray theorem, Theorem 1.30. 


Theorem 7.4. Let ys k > 1, be Feller semigroups on (Cos (IR^), || - lloc) 
such that 


„lim ITP u- Tulo =0 vue CS (R?). (1.2) 
Noo 


Then the limit T,u = limg— oo Tu exists strongly for all u € Coo(IR“) and defines 
a sub-Markovian semigroup which satisfies the Feller property. 
If, in addition, the limit (7.2) is uniform for bounded time intervals, i.e. 


lim sup [T° u — Tulo 20 Vue CS (R2), to > 0, (7.3) 


MOO («t 


then (T;),zo is a Feller semigroup. 


Proof. Since Co; (IR^) is complete, the Cauchy condition (7.2) defines a family of 
linear operators T, : Co, (IR) — Coo(IR2). Since limg—+oo T u(x) = T,u(x), 
we see that the limit inherits the semigroup, positivity and sub-Markov properties 
of the families (T), 50. 

For every e > 0 there is, because of (7.3), some K > 1 such that 


sup (eu TAE ullo xe Vk,mz K. 


t<to 
Thus, for all k > K andt < to 
lT;u— ullo < Iu — TP ullo + IIT u = ullo 
= im |T ”u-— TP ulo + ITU — ullo 
< im, sup [7u — T, Pullo + Tu — ullo 
< € + ||T,P u — ullo. 
Thus, 


lim ||T,u — ullao < € + lim | Tu — ullao = € — 0 
t—>0 t>0 c0 


which proves the strong continuity of (7;);20. o 
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For a Lipschitz semigroup (7;);zo, i.e. a semigroup satisfying 
Trullip <e*"|lulluip Ve > 0, u € Lip(R“) 


with the Lipschitz constant e^' for the operator T,, t > 0, where 


Lip(R®) := qu € CÀ) : [ulli :— sup l(a) = «o9 < œ? , 


zy |lx-y| 


we have the following result, cf. Bass [14, Theorem 2.6]. 


Theorem 7.5. Let (ys. k > 1, be Lipschitz semigroups with infinitesimal gen- 
erators (AV, D(A™)). Suppose that the Lipschitz constants e**' of the semigroups 
and the constants K 4«) given by 


k d 
JAM ullos < Kawllulla) Yue C20R^), lullo — $ lV*ulec 


0<|a|<2 


are uniformly bounded in k.? Then there exists a subsequence us, jk 
and a Lipschitz semigroup (T;);>0 such that 


lim |T” u- T,u|ls =0 Vu € CS (R^). 
J> 


Moreover, if limi soo || A? u — Aulloo = 0 for allu € C2(R^) for some linear 
operator A, then Alczqu) has an extension which generates (T;)+>0. 


7.2 Simulation 


We will now focus on an approximation of Feller processes by Markov chains 
which allows us to simulate such processes. This is important since, in general, 
the transition probabilities of a Feller process are not known in a form which 
lends itself to simulations. There are various Markov chain approximations of 
Markov processes, in general, and to Feller processes, in particular, see for instance 
Ma-Róckner-Zhang [212] and Ma-Róckner-Sun [213]. Most of them, however, are 
not helpful for simulations since the increments of the chains are not given in a form 
which can be used for simulations form: For instance, they are given in terms of the 
resolvent of the process. 


3Bass assumes the stronger estimate || A? 


with ||u||(2) on the right-hand side. 


Ulloo x Kaw Vi<jat<2 ll V" ulloo, but his proof works 
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By the following result, we are able to approximate a Feller process through a 
Markov chain which has Lévy increments. Thus, once we know how to simulate 
Lévy processes, we can use those to simulate an approximation of a Feller process; 
for a survey on simulation of Lévy processes we refer to Cont-Tankov [72]. In [45] 
an approximation procedure was proved for processes with symbols with bounded 
coefficients, i.e. symbols satisfying |q(x, £)| € c(1 + |&|?), cf. Theorem 2.31. Here 
we extend this result to unbounded symbols using techniques developed in [44]. 


Theorem 7.6. Let (X;);>0 be a d-dimensional Feller process with infinitesimal 
generator (A, D(A)) such that C9? (IR) C D(A) and write q(x, E) for the symbol. 
Assume that 


Ce (IR?) is an operator core of A, (7.4) 
i.e. the closure of A|cse (R^) is (A, D(A)), and 


lim sup [q(x, £)| = 0. (7.5) 


|x|-oo lel< 4 


For each n > 1 define a Markov chain (Y"(k)),51 with Y” (0) :— xo and transition 
kernel u, 1 (dy) given by 


Jena menthe, BERT ne, 
R4 LE: 
Then 


Y"a) — x. 


d 
Here |x| = maxík € Z : k < x}, and — denotes convergence in distribution in 
the space of cadlag functions Doo) (IR7) equipped with the Skorohod J, topology." 


Proof. We follow the proof of the main theorem in [45]. Let (X;);zo. A and q(x, £) 
beas in the statement of the theorem. In particular, we assume that (7.4) and (7.5) are 
satisfied. Denote by (T;);>0 the corresponding Feller semigroup. For u € Cs; (IR^) 
we have E(u(¥"(k))) = Wku(xo) where 


Wat) = fOr) it, x(a) 


4See the footnote on p. 168. 
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and for u e C (IR?), 

Wiu(x) = f ebe n CD AE) dE, 
By Theorem 7.1, the assertion is equivalent to 


lim | We u— Tul) =0 vr20, ue CoR’). (7.6) 


n—oo 


oo 


Thus, by Ethier- Kurtz [100, Theorem 6.5.iii, p. 31], we are done, if we can show 


=0 Vue C°(R’). 


oo 
To prove this convergence, we fix € > 0, u € C&*(IR^) andr = r(u) > 0 


such that supp u C IB(0, r). We also denote for each x € R? by (Lg the Lévy 


process with characteristic exponent £ > q(x, £) and starting point LP = x; thus, 


the random variable Le has the characteristic function e/*574 92, Furthermore, 
we define for every x andr > 0 

Tecs) = inf (t » 0 : Lf? ¢ BB(0, r)]. 
For |x| > r the elementary inclusion B(0, r) C IB^(x, |x| — r) implies 


|Wiu(x) — u(x)| = |[Wiu(x)| = Eu(LP)| 


< |lulloo P [Ec € BO, r)) 


/N 
E 


loo IP (i? € B° (x, |x| — r)) 


loo P (t5 1x2) S $) 


/N 
= 


<j llul sup |g, I, 


les ro 


where the last inequality is due to Theorem 5.1. For |x| > r we find by (the proof 
of) Lemma 3.26, see also [44, Lemma 3.1], that 


JAu(x)| S clues sup |g, 5l. 


Ies ra 
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Thus, we get for |x| >r 


i —Au(x)| € Cluleo sup |q(x.£&)]. 
n Els o 


n 


| Wi u(x) — u(x) 


Using (7.5) and Lemma 3.26, there is some K = K(e, u, q, C) such that 


€ 
I — Au(x)| € z V|x| > K. 


| Wi u(x) — u(x) 


n 


Since the symbol q(x, £) is locally bounded in x, cf. Proposition 2.27(d), there exists 
some constant cx such that 


sup |g(x,§)| < ex(1-- IEP) YE e RY. 


|x|<K 


Repeated applications of the mean value theorem with suitable intermediate values 
0<h,s «n ! yield 


e 3405 1 CS 
——, — t 4G.8)| = |a, 8) (e **9 —1)| = slal, DPe nee, 


n 


Thus, for |x| € K, compare with [45], 


Wiu(x) — u(x) -iqG. _ 1 
LM ae) - | (eo (= qi. ) ig) dé 


n 


< I slax, E) e" AE] dé 
is f lac. EPRE) dé 

2 
«e fo + EPPEN dé 


al 
n 


where C — C (ck, u) is a constant. But now we can select N = N(C, €) such that 
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and it follows that for all n > N 


Wiu—u Wiu(x) — u(x) 
—-—— -Au| < sup | ———,—— —- Aux) 
= œo kl-2K Pr 
Wiu(x) — u(x) 
+ sup |—— — — - Au(x) 
|x|<K n 
PE 4 € 
Se ue ~ =E 
2." 2, 
This finishes the proof of the theorem. oO 


Simulations, including the source-code, which use this approximation can be 
found in [42]. Moreover, in [46] it is shown that the above approximation method 
coincides with the Euler scheme for the SDE which is solved by the Feller process, 
see Proposition 3.10 and (3.16). This is quite remarkable as it provides a way to 
prove the convergence of the Euler scheme for an SDE where the coefficients—in 
particular, their smoothness properties—are unknown. 

An interesting connection between the above approximation scheme and a 
rigorous definition of Lévy-based Feynman integrals is discussed in a series of 
papers [47,54,55, 56]. 


Chapter 8 
Open Problems 


The following list contains a few important questions and open problems of varying 
difficulty. 


(a) Let (7;);zo be a Feller semigroup. The set 
Xo := {u € B (E) : t > T;u is strongly continuous} 
is called the domain of strong continuity (we consider the sup-norm || - ||oo). 
Determine the exact domain of strong continuity. 


Remark: Some discussions can be found in the early texts on semigroups, 
in particular in Dynkin [97, Chap. II.$81—2, pp.At’ 47-61] and Loéve [208, 
Sects. 45.2 and 45.3, pp. 336—381]. 


(b 


— 


Let y, Y2 : IR — C be characteristic exponents of two Lévy processes. Find 
necessary and sufficient conditions that their difference yı — YW and quotient 
V; / V? are again characteristic exponents of a Lévy process. 

(c) Is the Courrége-von Waldenfels theorem (Theorem 2.21) still valid if we 
require that D(A) contains a full and complete class (Definition 2.47) instead 
orcum 

(d) Find a necessary and sufficient condition such that the limit (2.43) from 
Definition 2.41 defining the symbol of a stochastic process exists. 

(e) It is known that every Lévy kernel N(x,dy) can be written as a pull-back 

of the form v(k(x, y) € dy) where v is a Lévy measure with infinite 

total mass. Describe the smoothness properties of x +> k(x, y) in terms of 
corresponding properties of N(x, dy) or the symbol g(x, £) (with Lévy triplet 

(0, 0, N(x, dy))). 


Remark: This addresses the discussion before Theorem 3.10 on p. 77. The 
existence of a pullback map for any two Lévy measures was established by 
Skorokhod [304, Chap. 3.4, Lemma 2, p. 77] and for general Lévy kernels it 
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8 Open Problems 


is due to El Karoui-Lepeltier [99], see also Jacod [169, Lemmas (14.50) and 
(14.51), pp. 469—471]. 


(f) Improve the non-explosion result of Theorem 2.34: Is there an integral test or 


a Has' minskii-condition for (non-)explosion of Feller processes? 


(g) Find sharp criteria (e.g. integral criteria of Chung—Fuchs type) in terms of the 


(h 


(i 


G 


(k 


ü 


— 


— 


— 


symbol such that a Feller process is recurrent or transient, cf. Sect. 6.3. 
Provide further examples (cf. Example 2.26) of negative definite symbols 
q(x,&) which are jointly continuous (in x and €) and which do not define 
Feller processes. 

Are there counterexamples which are real-valued or which satisfy the sector 
condition |Imq(x, £)| x cReq(x, £)? 
Find optimal (necessary and) sufficient conditions on the symbol q(x, £) such 
that (—q (x, D), C?* (IR^)) extends to the generator of a Feller generator. 


Remark: This is likely to be a very hard problem. An educated guess for 
minimal sufficient conditions are: joint continuity in (x, £), Hólder continuity 
in x (in view of Example 2.26) and possibly a tightness condition as in 
Theorem 2.30(d), see also Lemma 3.26. The assumption of smoothness in x 
or £ does not seem to be natural. 


Find conditions in terms of the symbol q(x,£) or the Lévy characteristics 
(I(x), Q(x), N(x, dy)) that guarantee that a Feller generator is symmetric (with 
respect to a measure m). 

Characterize those Feller processes for which the test functions C2? (IR7) are 
an operator core. 

Find a non-trivial example of a Feller process, which does not contain the test 
functions C°° (IR7) in its domain. (A randomly time-changed process would 
be "trivial" in this sense). 


(m) Let (X,);zo be a Feller process with the symbol q(x, &). Find a reasonable 


lower bound for IP" (|X; — x| > r). 


(n) Adapt the well-developed Wentzell—Freidlin theory of large deviations to Lévy 


(o 


wm 


and Lévy-type processes. In particular, one should be able to express the good 
rate function in terms of the symbol. 


Remark: A good starting point should be the monograph Freidlin-Wentzell 
[111] and the work by Takeda and co-authors [300, 315, 316]. For Lévy 
processes (with values in a Banach space) see da Acosta [83], and for 
semimartingales see Liptser—Pukhalskii [207]. 


Find a lower bound for the Hausdorff dimension of a Feller process. 
This question generalizes the corresponding result for Lévy processes (see 
Theorem 5.12), and it also completes the existing result for Feller processes 
(see Theorem 5.15). 


(p) Prove a LIL or Chung-type LIL result for a Feller process (as £ — 0). This will 


strengthen the Hólder results from Theorem 5.16 and (5.18). 
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Remark: As a first step, find conditions for upper and lower functions for 
the sample paths of a Feller process. Some partial results are contained in the 
recent paper [182]. 


Find criteria for the existence of successful couplings for stochastic differential 
equations driven by a multiplicative Lévy noise. 

The coupling property for Lévy processes and Lévy-driven Ornstein- 
Uhlenbeck processes has a number of interesting applications, see e.g. the 
recent papers [344, 347] on the regularity of Lévy-type semigroups and the 
exponential ergodicity of Ornstein-Uhlenbeck processes based on coupling. 
Extend the range of such applications and provide a general criterion for 
successful couplings of Lévy-type processes. 
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